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ANTIBIOTIC SUBSTANCES FROM BASIDIOMYCETES V. PORIA 
CORTICOLA, PORIA TENUIS AND AN UNIDENTIFIED BASIDIO- 
MYCETE* 

By FrRepericK KAVANAGH, ANNETTE HERVEY AND WILLIAM J. RosBIns 


DEPARTMENT OF BoTaNy, CovtumBla UNiversiry, AND THRs New York Borantcar 
GARDEN 


Communicated November 25, 1949 


It was noted in a previous report from this laboratory’ that Portia 
corticola (71280) and Poria tenuis (67942) showed considerable antibacterial 
activity. Each of these fungi was found to produce two antibiotic sub- 
stances which are closely related chemically, A third unidentified fungus, 


BS41, isolated from White Cedar and obtained through the courtesy of 
Dr. Dow V. Baxter, University of Michigan, produced the same two anti- 
biotic substances. We have named these substances nemotin and nemo- 
tinie acid, respectively. 

Preliminary Observations.~-Each fungus was grown in Petri dishes on 
corn-steep, thiamine-peptone and Difco potato-dextrose agars. When 
coated with an AC medium and tested by the streak method," * none of 
the three fungi affected the growth of :Escherichia coli; each inhibited 
the growth of Staphylococcus aureus (H). BS41 showed marked anti- 
bacterial activity against Mycobacterium smegma. The activity was 
most pronounced when the fungus was grown on corn-steep agar. P. 
corticola and P. tenuis did not inhibit M. smegma when tested by the streak 
method. 

Each fungus grown on the three media was active against Staph. aureus 
as tested by the agar disc method." * The size and character of the inhibi- 
tion zones were determined by the age of the colony, the position of the 
dise in relation to the fungus colony, and the medium on which the 
fungus was grown. Discs cut from colonies of P. tenuis and P. corticola 
produced characteristic “bull's eye’’ zones of inhibition.? The zones 
produced by P. corticola were fainter than those observed with P. tenuis. 
Dises of BS41 usually produced a clear inhibition area around the disc 
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surrounded by a small ring of partial inlubition. Inhibition zones 30 mm. 
in diameter were obtained from discs cut from 6-day old colonies of this 
fungus. 

When tested by the agar dise method against A/. smegma, BS41 showed 
marked activity; inhibition zones with diameters of 20-30 mm. were 
obtained. The other two fungi were nearly or completely inactive. This 
is of special interest because the culture liquids of these two fungi were 
found to contain material active against M. smegma, as is pointed out later. 

Liquid Cultures.—Each of the fungi was grown in still culture at 25°C. 
in 2800-ml. Fernbach flasks with beech shavings plus one liter of corn- 
steep medium. P. corticola grew the most rapidly but produced liquid 
with the least antibacterial activity. Although the activity of culture 
liquids of P. tenuts became as great as those of BS41, it usually took longer. 
The mats of P. tenuis tended also to become thicker than those of BS41 
and were consequently less suitable for reflooding. For these reasons 
most attention was devoted to fungus BS41. 

The activity of culture liquids of BS41 varied from 64 to 256 dilution 


‘units per milliliter against Slaph. aureus after about four weeks of incuba- 


tion, at which time the mycelium covered the entire surface of the liquid. 
Liquids from mats reflooded with fresh sterile corn-steep medium averaged 
128 dilution units per ml. in from 3 to 5 days after reflooding. It was 
possible to reflood the mats several times until the thickness of the mycelial 
mat made this technique inconvenient. The original corn-steep medium 
had a pH of about 5.5. The pools of culture liquids ranged from pH 4.1 
to pH 4.9. Old mats produced sufficient HCN to retard the growth of 
susceptible organisms grown in the same incubator.‘ An incubation 
temperature of 25°C. was more satisfactory than 20° or 30°C. 

Cultures of BS41 in the corn-steep liquid medium were shaken at room 
temperature on a Gump rotary shaking machine at 200 rotations per 
minute on a cirele 2'/, inches in diameter. After 2 to 3 weeks, the liquid 
assayed 128-256 dilution units per ml. against Staph. aureus. Tests were 
negative for HCN in the shake cultures. Substitution of sucrose, lactose, 
levulose, glycerin, maltose, mannitol, soluble starch or galactose for 
dextrose in the corn-steep medium in shake cultures gave no better or 
poorer results. Liquids with good activity were obtained in a potato- 
dextrose broth. 

Separation and Concentration of Antibacterial Substances.-Two frac- 
tions, one neutral and the other acidic, were prepared from culture liquids 
of each of the three fungi. The acid fraction contained an antibacterial 
substance, nemotinic acid; the neutral fraction a closely related material, 
nemotin. No evidence for the presence of other antibacterial substances 
was obtained. 
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The general procedure® in preparing the two fractions was as follows. 

The filtered culture liquid amounting to several liters was acidified to 
pH 3, extracted with '/» volume of methyl isobutyl ketone, the ketone 
evaporated im vacuo nearly to dryness, alcohol added and the evaporation 
repeated. After several evaporations with alcohol, most of the ketone 
had been removed. The heating of the still was done carefully to avoid 
heating of the flask above the liquid line with consequent decompositon 
of the antibiotic substances. The residue in the still was dissolved in a 
small amount of alcohol and about 50 ml. ether added. A brown pre- 
cipitate formed in the ether solution prepared from 67942 and BS41. The 
brown precipitate was imactive and was discarded. The ether solution 
was extracted with a small amount of pH 5.8 to 6.0 M/2 phosphate buffer. 
This removed much of the pigment. The total amount of material re- 
moved was small but it contained a major fraction of the colored sub- 
stances. The ether solution was then extracted several times with '/j 
volume of 2 per cent sodium bicarbonate solution to remove the acidic 
substances. The bicarbonate solutions were eombined, acidified and 
extracted with ether. ‘This acidic fraction contained nemotinic acid. 
The ether solution after the bicarbonate extraction contained the very 
weakly acidic and neutral substances including nemotin. 

Properties of the Acidic Fraction (Nemotinic Acid).-The free acid was 
soluble in ether, chloroform, alcohol, methyl isobutyl ketone and acetone 
and slightly soluble in water and hexane. Solubility in water was about 
16 wg. per ml. On drying in air at room temperature a brown, chloro- 
form insoluble, inactive varnish was formed. However, nearly all the ether 
could be removed by careful evaporation without formation of insoluble 
material or loss of antibacterial activity. The brown insoluble product 
was formed in aqueous or ether solution on standing at 11°C. and higher 
temperatures. The greater the concentration, the sooner the insoluble 
material formed. Titration in 20 per cent alcohol indicated a monobasic 
acid with a p,, = 4.9% and equivalent weight of 205. The optical rotation 
was [a]}} = +270 (0.44 per cent in ethanol). 

Only minor differences were observed in the absorption spectrum and 
antibacterial activity of nemotinic acid after standing at room temperature 
for one hour at pH 3.6, 6.15 or 9.4. At pH 12.6 substantial changes were 
noted. 

Properties of Neutval Fraction (Nemotin).-Nemotin was soluble in 
ether, chloroform, methyl isobutyl ketone and acetone. It was less 
soluble than nemotinic acid in water and hexane. Nemotin formed a 
brown insoluble product on drying. It was not extracted from ether by 
0.1 N NaOH. The optical rotation obtained from nemotin was [ajp = 
+202 (1.2 per cent in ethanol). 

Nemotin was found to change in solutions of pH 6.0 and higher into 
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another neutral substance with quite different antibacterial properties 
and absorption spectrum (Fig. 1). At the dilutions used (10 yg. per ml. or 
less) the conversion was monomolecular. This conversion product we 
have named nemotin A. The higher the pH of the solution, the more 
rapid the conversion. The rate of change at pH 6.0 and 25°C. was suffi- 
ciently slow to permit measurement of the absorption spectrum. Trans- 
formation was one-half completed in 3 hours at 37°C. in pH 7.2 buffer. 
A measurable amount of nemotin was not transformed by the bicarbonate 
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FIGURE | 
Absorption spectra of nemotinic acid, nemotin and nemotin A in pH 6.0 buffer. 


Concentration of 10 xg. per mi. for nemocin and nemotinic acid and of 1 ug. per ml. 
for nemotin A 


extraction of ether in removing acids. At high pH, nemotin A underwent 
further changes which resulted in loss of antibacterial activity and decrease 
in ultra-violet absorption 

Absorption Spectra.-The absorption spectra of preparations of nemo- 
tinie acid, nemotin and nemotin A were measured with a Beckman DU 


spectrophotomeier. The solutions were made in one-tenth molar pH 6.0 
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phosphate buffer. The results (Fig. 1) are reported as optical densities 
obtained in a l-cm. cuvette for a concentration of 10 wg. per ml. for nemotin 
and nemotinic acid, and | yg. per ml. for nemotin A. The solutions of 
nemotin A were measured at concentrations between 0.6 and 10 gg. per 
ml., depending upon the absorption. The preparations of nemotin and 
nemotinic acid used were obtained from P. corticola and seemed to be of fair 
spectroscopic purity. 

The absorption spectrum obtained with nemotinic acid was characterized 
by high, sharp peaks at 237, 249, 263 and 277.5 ma. That for nemotin was 
almost identical; the peaks occurred at | to 2 my shorter wave-lengths. 
The differences between the spectra of nemotinic acid and nemotin may 
have been caused by impurities. 

The absorption spectrum of nemotin A had peaks at 231, 242, 272, 289, 
307 and 328 my. The high peak of nemotin A at 242 my corresponds 
to a valley in the absorption spectrum of nemotinic acid. By the trans- 
formation of nemotin to nemotin A at suitable pH and temperature, the 
presence of 2 per cent of nemotin as a contaminant of nemotinic acid could 
be detected. 

Identity of the Antibiotic Substances F-rmed by the Three Fungi.—Prepa- 
rations of nemotinie acid from culture liquids of each of the three fungi 
had nearly identical absorption spectra and the same relative antibacterial 
and antifungal activities within the limits of error inherent in the methods, 
The same comments can be made for nemotin. Nemotin prepared from 
culture liquids of each of the three fungi changed to nemotin A at the same 
rate at pH 7.2 and 37°C. It is probable that the three fungi form the same 
two antibiotic substances. 

Antibacterial Activity.—The antibacterial activities of nemotinic acid, 
nemotin and nemotin A were determined by the serial dilution methods 
in use in this laboratory (6). The antibacterial activities of nemotin and 
nemotinic acid prepared by a counter-current distribution method’ and 
by the procedure given in ths paper were the same within the limits set 
by the precision of the measurement of antibacterial activities. The 
activity in the following table is expressed as the minimum inhibitory 
concentration in wg. per ml. (p = partial inhibition); 


BACTERIUM 71280 87942 71280 67042 a, 


Bacillus mycoides OA 250 a 64, 32p 32 32 
Bactllus subtilis 0.25 0.26 0.25 ‘ 0.0625 0.0625 4 
F scherichia coli 64 125 125 32 
Klebsiella pneumoniae 64 250 26) 32 

Mycobacterium smegma 4 4 2, 2, 1p 

Pseudorsonas aeruginosa 64 125 250 5 250 

Staphylococcus aureus 1 1 1 : 2 
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Through the courtesy of Dr. Walsh McDermott and Dr. W. C. Robbins 
of the Cornell Medical College, the activity of several prepasations was 
tested against Mycobacterium tuberculosis (H37RV strain) in a Dubos- 
oleic-acid-albumin medium with and without Tween 80. After one week, 
7 wg. per ml. of nemotinic acid completely inhibited the growth of this 
organism. 

The antibacterial substances retained their activity after incubation at 
37°C. for 3 hours in the presence of 5 per cent human blood in beef extract 
medium with 0.7 per cent NaCl. 

Antifungal Activity.-The fungistatic activity of the two substances 
prepared from organism BS4| was measured by serial dilution methods 
in a peptone medium at pH 6. The dilution tubes were inoculated with a 
spore suspension of the fungus concerned. Trichophyton was incubated 
at 30°C., the others at 25°C. The activity reported in the following 
table was the minimum inhibitory concentration in wg. per ml. (p = partial 
inhibition) 


ANISM NEMOTINIC ACID NEMOTIN 
Aspergillus niger 125 
Chactomium globosum (USDA 1042.4) >250 
Ghomastix convaluta (PQMD 4c) > 25) 
Wemnoniella echinata (PQMD lke 125p, 
Myrothectum verrucaria (USDA 1334.2) 250 
Penicilitum notatum (S32 32, 16 0.08 
Phycomyces Blakesleeanus (+ strain) 2 4, 2p 
Saccharom yoes cerevisiae (188) 0.06 
Stemphylium consortiale (PQMD 16, 8p 

(4, 32p 

Trichophyton mentagroph ytes 4 


Animal Tovictty-—The toxicity of nemotinic acid prepared from P. 
tenuts was determined by injecting 0.5 ml. of the neutralized acid made in 
0.9 per cent sodium chloride into a tail vein of 16 g. Carworth Farms CFI 
white male mice. There were five mice in each treatment group. 

All mice which received 5 mg. died within 6 hours. Four of the mice 
given 3 mg. died within 6 hours. Three of the mice receiving 2 mg. died 
within 24 hours. None of the mice which were given | mg. died within 10 
days. The substance was acutely toxic with an LDgo of about 2 mg. per 
mouse or 125 mg., kg. (1 mg. = 1000 dilution units against Staph. aureus). 

One of us became sensitive to these antibiotic substances with symptoms 
similar to but milder than those produced by contact with biformin.* 


* This investigation was supported in part by grants from The Commonwealth Fund 
and The Lillia Babbitt Hyde Foundation 

* Robbins, W J., Hervey, A., Davidson, R. W., Ma, R., and Robbins, W. C., Bull 
Torrey Bot. Clud, 72, 165-190 (1945), 
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* Hervey, A., Jbid., 74, 476-508 (1947). 

* Robbins, W. J., Kavanagh, F., and Hervey, A., /bid., 75, 502-511 (1948), 

* Robbins, W. J., Rolnick, A., and Kavanagh, F., Mycologia, in press 

* An 8-tube Craig counter-current distribution system using ether and pH 6.33 M/2 
phosphate buffer was found to separate nemotinic acid from nemotin 

* Kavanagh, F., Aull. Torrey Bot. Club, 74, 308-320 (1947) 

7 Auchel, M., Polatnick, J., and Kavanagh, F., Arch. Biochem. in press. 

* Robbins, W. J., Kavanagh, F., and Hervey, A., these Procerprnos, 33, 176-182 
(1947). 


FACTORS DETERMINING SOLUBILITY AMONG 
NON-ELECTROLYTES* 


By Joe. H. 
UNIVERSITY OF CALIFORNIA AT BERKELEY 
Read before the Academy, October 25, 1949 


This address has been prepared with the purpose of giving to non- 
specialists, so far as possible within the allotted time of fifteen minutes, 
a large-scale survey of the present status of the theory of solubility of non- 
electrolytes, with emphasis upon the methods used in attacking the various 
phases of the problem. That the problem is indeed a complex one is well 
illustrated by a system of seven liquid phases, a photograph of which I 
recently published.' Its components are heptane, aniline, water, “per- 
fluorokerosene’’ (approximately CiF2.), phosphorus, gallium and mercury. 
These molecular species differ so strongly among themselves as to resist 
more or less completely the mixing effect of thermal agitation. The 
differences are in part qualitative, and include metallic character, dipole 
moment and hydrogen bridging, but im part, also, quantitative, differences 
in the strength of the ‘‘van der Waals’ or, more appropriately designated, 
“London” forces. Professor F. London explained these forces as the con- 
sequence of quantum mechanical interaction between the molecular 
electron clouds. The strength of the attraction depends upon the number 
and what we may crudely call the ‘looseness’ of the electrons.. It is 
expressed in terms of polarizability, a, and “zero point energy,"’ Avo, the 
energy of electrons in their ground states, an energy which persists even at 
absolute zero. The expression for the potential energy between molecules 
of two species, 1 and 2, at distance, r, is 


(1) 


¢= 


Higher terms for second order effects have been added as a result of more 
refined analysis but these are hardly significant for our purpose, particularly 
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because there is evidence’ that the molecular fields of. polyatomic molecules 
are not best described as radial from their geometrical centers but as ex- 
tending, rather, from peripheral atoms or “orbitals.” We find, for- 
tunately, that such uncertainties are at least partly cancelled by the process, 
presently to be described, upon which our general theory is based. There 
are, however, three corollaries of the theory which are to be noted as most 
significant to our purposes: (1) the attraction is very short in range, (2) 
the attractive potential between pairs of unlike molecules is simply related 
to that between pairs of the like molecules and (3) these interactions, unlike 
those we call ‘‘chemical,’’ do not saturate each other, and therefore the 
potential energy of a mass of liquid may be expressed as an integral of all 
the pair potentials 

The process we have adopted to serve as the basis for cur theory of 
solubility is the mixing of two pure liquid components by isothermal dis- 
tillation to form a solution in which their mol: fractions are x; and x, 
respectively. The present exposition will, however, appear simpler if we 
think of distilling one mole of either component (let us select no. 2) into 
a very large amount of solution in which its mole fraction is x. The 
change in free energy accompanying such a transfer is 


Fy = RT in (fr fe") = RT In de, (2) 


where fy denotes its fugacity (a corrected vapor pressure) in the solution 


and f,° its fugacity in its pure liquid. We shall henceforth use activity, 
defined as a, = f/f’. When one forms a saturated solution, he applies 
the ‘‘solute’’ at an activity which he can control, by pressure, in case of a 
gas or vapor, or calculate, in case of a solid, from its melting point and 
heat of fusion. ; 

Now the change in free energy in this process may be regarded as the 
resultant of the accompanying changes in heat constant, i; — Hy° and in 
entropy, & — &", as given by the pure thermodynamic equation, 


= He — — — $2"). (3) 


Ideal Solutions. Let us begin with an ideal case, which, like all ideals, 
can be only rarely approached and never quite realized, 1.¢., a solution 
of two molecular species having equal intermolecular attractions and 
equal molal volumes. The energy and heat of transferring any molecule 
from its own pure liquid into the solution, is then zero, hence 


Fy — = — (4;) 


Now the change in entropy accompanying our process is a logarithmic 
function of the ratio of the respective “probabilities” of finding a molecule 
of species 2 in its pure liquid and in its solution. (I need not take time to 
explain why it is logarithmic, because many in my audience already know 
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and the others can easily find out if they wish.) In our ideal solution, 
since the molecules are of equal size, and since thermal agitation keeps 
them mixed with maximum randomness, the ratio of probabilities is 
1/x, and this, translated into entropy, gives 


S: — &° = —R In xp. (42) 


Substituting this and equation 2 into 3, gives RT In ag = RT In x; or 
4; = X:, which is Raoult's law; a relation used in all modern texts on 
physical chemistry to derive the various ideal solution laws. 

Regular Solutions.-~-It has been 
our good fortune to find that 
thermal agitation usually suffices 
to give practically complete 
randomness of mixing, with two 
non-polar species, in spite of even 
large differences in their molecular 
forces, and, therefore, if their molal 
volumes are not significantly dif- 
ferent, the entropy of transfer 
can still be close to the ideal en- 
tropy, —~Rinx:. This uniformity 
regarding entropy causes a regu- 
larity in solution behavior evident 
in the family of solubility curves 
illustrated in figure 3, which sug- 
gested the term, “regular solu- 
tions.”’ But now, in order4@-have 
a solubility equation, we must 
express Hy’ in terms of 
the pure components. If we were dealing with pure and mixed crystal 
lattices of equal, known lattice dimensions, we could add all the pair 
potentials to give the lattice energy. We can apply equivalent reasoning 
to liquids, but, instead of a summation over all the discrete distances in a 
crystal lattice, we must integrate over a continuous ‘‘distribution function” 
which expresses time-average frequency for al! pair distances in the highly 
blurred, short range order in the liquid. The meaning of this function, 
p(r), is easily grasped by referring to figure 1, which represents a cross- 
section of the instantaneous arrangement of molecules around a central 
one. The volume of a spherical shell of thickness dr of large radius is 
simply 4rr? dr, and since the density of molecules in the liquid is the 
Avogadro number divided by the molal volume, N/v, the number of 
molecular centers in the large shell is (4¢Nr* dr)/v. But when r is small, 
the presence of the central molecule makes the probability of molecular 


PIGURE 1 


Cross-section of structure of an: ideal liquid. 
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centers in such a shell much higher than unity at about 27, moderately 
higher at about 4r, etc. This varying probubility is the distribution 
function, p(r). Its form is nearly the same for all equally expanded liquids 
if plotted as p(r/rq,,) a8 illustrated for four liquid metals in figure 2. By 
combining p(r) with the pair potential function, ¢(r), we can obtain an 
expression for the potential energy of a mole of liquid, 


We may extend this treatment to the potential energy of a solution, 
where the (random) molecular distribution involves the relative molal 
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FIGURE 2 


Distribution functions, p{r), for liquid mercury, gallium, sodium and potassium 
plotted against r + molecular diameter 


volumes, and the total potential energy involves the pair potentials, 
1, €@, Ga, and the last can be eliminated by assuming the geometric mean. 
The model is simple but the mathematical steps in arriving at the final 
equation are far beyond the scope of this presentation, so I give only the 
result, 

lig ~ = -- 6,)?, (6) 


where ¢ denotes volume fraction of that component and 6 = ( Ar*/v)"?, 
the square root of the energy of vaporization per cc., an easily obtainable 
property of both pure liquids. With this expression for the heat effects, 
our solubility equation becomes 
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RT in dz = — + RT in xo. (7) 


The 4-values play so predominant a réle in determining solubility relations 
that we have designated them as “solubility parameters’ and find it useful 
to have at hand tables of their numerical values at the standard tempera- 
ture, 25°. Illustrative values for common substances are given in Table 1. 

Solubility Relations of lodine.—The high attractive field of iodine 
molecules, indicated by its solubility parameter, 14.1, is correlated with 
the great spread in the solubility curves plotted in figure 3, and the enor- 
mous deviations from ideal behavior in those solvents low in the plot. These 
solutions present a particularly exacting test of the theory underlying 
equation 7. lodine solutions offer another important advantage in that 
one can easily distinguish two classes of solutions—one, the violet solutions, 
whose color, identical with iodine vapor, shows that chemical interaction 
is absent, and that they should behave ‘‘regularly’’; the other class, yellow 


TABLE 1 


SoLuBILITY PARAMETERS OF IODINE, &, CALCULATED FRoM SOLUBILITY IN VARIOUS 
SoLvents at 25° 


SOLVENT 100 x 4, (CALc.) 
n-CoF 0.0182 §.7 14.2 
SiCl, 0.499 7.6 13.9 
CCl, 1.147 &.6 14.2 
TiCh 2.15 9.0 14.1 
cs: 5.58 10.0 14.2 
1,2-C,H.Br, 7.82 10.4 14.1 
Ideal 25.8 


to brown in color, indicating specific, “‘chemical” interactions. I invite 
your attention to the following features of the solid curves, all of which 
refer to violet solutions. 

First, the parallelism in the slopes of these curves was what originally 
suggested applying to such solution the term ‘‘regular,’”’ and the regularity 
is obviously a matter of entropy, because it has to do with the temperature 
coefficient of a free energy relation. 

Second, the positions of the curves accord remarkably well with the 
demands of equation 7, as seen by the small variations in the values of 
4, for iodine calculated from the 6; values and the experimental solubilties, 
illustrated in Table 1 for several representative solvents. Reversing the 
procedure, calculating x: using 6 = 14.1 for all, would obviously not lead 
to serious error. Particularly striking is the agreement in the case of 
fluoroheptane. When I first heard of the remarkable extremes in the 
solvent powers of fluorocarbons, I wondered whether they would over- 
strain the theory. The point for iodine in perfluoro normal heptane at 
25° was the first to be determined, and when it was found to fit equation 7 
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s well I felt confident that all other solubility relations of fluorocarbons 
would fit the theory, and this expectation has since been abundantly 


confirmed. 
Third, a particularly striking confirmation was furnished by the pre- 


FIGURE 3 


Solubility curves for iodine. 


diction of the liquid-lquid loop for iodine and carbon tetrachloride, seen 

in figure 3, and this was later found close to the position predicted. 
Fourth, moderate dypole moments, other than the very exposed ones 

leading to hydrogen bridging, may affect the 6-value slightly while not 
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interfering with regularity, as seen by the curve for chloroform, and the 
practical identity of the curves for cts- and trans-dichloroethylenes, whose 
dipole moments are 1.89 and 0.00 Debye units, respectively. 

Solvated Solutions.—In cases where the unlike molecules react chemically, 
the 1-2 attraction is enhanced, and is no longer equal to the geometric mean 
of the 1-1 and the 2-2 attractions; the heat absorbed on dilution will be 
reduced over its regular solution value, and its sign may even be reversed; 
and the disorder and hence the entropy of the process will be less than ideal. 
But all these effects are more or less specific, not to be calculated by any 
general theory. The solutions of iodine in benzene, toluene, xylenes and 
mesitylene present illustrations of extraordinary interest. 

Iodine dissolves in them to give solutions with brown colors increasing 
in the above order. They show strong absorption bands in the ultra- 
violet* whose intensities, when iodine and an aromatic are dissolved together 
in a “violet” solvent in varying concentrations, indicate a 1:1 solvate. 
We explain the interaction as that between an acid and a base; the aro- 
matics are bases or ‘‘electrom donors,’’ whose strengths increase in the above 
order, and the iodine, an acid, or “electron-acceptor.”’ The equilibrium 
constant for the reaction I, + CsHs = 1-CsH¢ in carbon tetrachloride was 
found to be 1.72, and the constant for the corresponding reaction with 
mesitylene is 7.2. (Anyone who thinks that none but “‘proton-acceptors”’ 
can act as bases will not be able to understand this.) 

The solubility curves for these aromatics would all lie close to the curve 
for chloroform if there were no solvation; the curves are lifted to the 
positions seen in the figure‘ by the solvation, and the amount of displace- 
ment agrees remarkably well with that calculated by aid of the equilibrium 
constants for the acid-base interactions. It should be emphasized that 
the solvation is related to this displacement and not to departure from 
the ideal solubility curve. The common practice of interpreting inconstant 
partition coefficients in terms of chemical equilibria may be quite unrealistic 
and lead to conclusions very different from those which could be drawn from 
light absorption. 

The Entropy of Mixing Molecules of Different Size.—-It will be recalled 
that in deriving the term —R In x for the entropy of transfer from pure 
liquid to solution, equality of molal volumes was not taken too seriously, 
however, the necessity for this limitation was not appreciated until recently 
because solutions are known which approximate closely to Raoult’s law 
despite some inequality in mola] volumes, but there have recently been 
discovered solutions of high polymers which depart strongly from Raoult’s 
law while showing little or no heat of mixing, making it clear that it is 
entropy which must be held responsible. This led to efforts on the part 
of several investigators to formulate the entropy of mixing monomer 
molecules with small integral multiple polymers, but Flory and Huggins,® 
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simultaneously and independently, succeeded in deriving an expression 
for the entropy of solution of flexible, chain molecules occupying multiple 
sites in a quasi lattice with solvent molecules occupying single lattice 
sites. The same formula can be derived without the limitations of either 
linear polymers or lattice structure. The method used can be illustrated 
by the problem of properly expres- 
sing the disorder presented by blocks 
scattered randomly over the floor 
of a room, a picture with which, as 
a father and grandfather, I have be- 
come very familiar. It is obvious 
that the degree of disorder is some 
function of the number of blocks and 
also of the area of the floor, but it 
depends also upon the size of the 
blocks, since, in order to make the 
process of creating order truly anal- 
ogous to parallel task with molecules 
which we cannot see, we must locate 
our blocks by wandering over the 
floor blindfold and barefoot. We 
Effect upon activity of disparity in molal wi]] be able, of course, to locate 
volumes for 5 blocks of larger area more easily 
than smaller ones. The entropy 
of transfer from pure hquid to solution formulated by aid of analogous 
probabilities for molecules, led, much to my satisfaction, to the same 
expression as the one obtained by Flory and Huggins. I here write it in 
the form 


FPIGURE 4 


= R In + =). (8) 


i 

When Vv, = Vs, the right-hand member reduces to —R In xe, as it should 
if correct 

The order of magnitude of this correction is shown in figure 4 for two 
different ratios of Vz/v,, 2 and 5. One sees that the departure from ideal 
entropy is rather small for the ratio 2, but very considerable for the ratio 5. 
Most pairs of ordinary organic solvents have molal volume ratios of 2 or 
less, but if one wishes to deal with solutions in fluorocarbons of small mole- 
cules such as nitrogen, or chlorine, the Flory-Huggins expression for 
entropy becomes significant. Since both heat and entropy may be non- 
ideal, it is useful to substitute the expression in equation 8 for —R In x in 
equation 7, giving 
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Recent measurements of the solubility of nitrogen* and of chlorine in 
fluorocarbons can be better correlated by means of equation 9 than by 
equation 7, since the volume ratios, v,/ Vs, in these solutions run as high as 
5, and the solubilities are markedly increased thereby. 

The remarkably low solubility parameters for the fluorocarbons are 
mainly the result of their large molecular volumes. Although a pair of 
fluorocarbon molecules would attract each other more strongly than a pair 
of their hydrocarbon equivalents equally separated, the latter pair approach 
each other so much more closely at their equilibrium distance that, in 
view of the inverse sixth power of attractive potential, a cubic centimeter 
of liquid hydrocarbon not only contains many more molecules than the 
same volume of a corresponding fluorocarbon but they attract each other 
much more strongly. 

* Aurnor’s Nore: The variation of this contribution from the coldly impersonal 
style customary in these ProcggpiNnGs is the result of a remark by Professor P. Debye 
that it “should be published just as it was delivered.” I trust that readers will feel 
that its purpose has been served thereby. 

' Hildebrand, J. H., J. Phys, Coll. Chem., $3, 044 (1949). 

? Hildebrand, J. H., and Gilinan, T. S., J. Chem. Phys., 15, 299 (1947). 

* Benesi, H. A., and Hildebrand, J. H., J. Am. Chem. Soc., 71, 2703 (1949). 

‘ Benesi, H. A., and Hildebrand, J. H., Jbid., 72, (in press) (1949). 

* For an account of this development see J. Chem. Phys., 15, 225 (1947). 

* J. Chr. Gjaldback and Hildebrand, J. H., J. Am. Chem. Soc., 71, 3147 (1949). 


NOTE ON A RELATION IN DIRAC’S THEORY OF THE ELECTRON 
By G. E. Brown 
Yate Universtry® 
Communicated by G. Breit, November 15, 1949 


A relation in Dirac’s theory of the electron will be described here which 
allows one to show that the hyperfine structure energy of an electron in a 
Coulomb field is proportional to <r~*>, where the < > denote the ex- 
pectation value of the enclosed operator. This is an extension of the well- 
known relation of proportionality in non-relativistic theory of the hyper- 
fine energy to L(L + 1)<r-*> and hence to ay<r~*>, where L is the 
azimuthal quantum number and ay is the Bohr radius A*/me*. Specifi- 
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cally, it will be shown in this note that the factor k J” fg dr, through which 
the Dirac radial functions f, g and quantum number & enter into the 
relativistic hyperfine energy formula,' is equal to (Za/2)<r-*> where a 
is the fine structure constant e*/Ac, Ze is the nuclear charge and the 
indicated expectation value is taken over the Dirac wave functions. 

It is convenient to begin with the expression for the latter quantity 
<r-t>. One has. 


= Sf," + 8mc), dr (1) 
where 
po = (W + Ze*/r)/c (1.1) 


and W is the energy, ¥ and v' are the Dirac wave function and its trans- 
posed complex conjugate, respectively, and 8 is the Dirac matrix p,. 
Nothing essential is changed if Dirac’s angle-dependent canonical trans- 
formation? is performed, which leads to the representation 


0 1,0 
A partial integration is then performed on the second term of the com- 
mutator, equation (1), and there results 
= f po Amc)(d/dr + 1/r)ydr (1.3) 


One can simplify this equation with the aid of the Hamiltonian equation, 
which can be expressed in the sense of equations (1.2) as 


(po + Bmc) + (eh/i)(d/dr + 1/r) + BRA/r}y = (1A) 
If one multiplies equation (1.4) by 
¥'[(po + Bmcjie /h + Bk/r] 
from the left, then it is found that 
¥'[(Po + Smc) + Bk h/ir](d/dr + 1/r)y = 0. (1.5) 
Equation (1.3) ‘then becomes 


= 2rk|(d/dr)(fg) + 2fg/r]dr (1.6) 


A partial integration is performed on the first term in the square brackets, 
and there results 


(Za/2)<r-*> = kS fg dr. 
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It is a pleasure to acknowledge Professor Breit’s interest and helpful 
advice concerning this work. 


* Assisted by the joint program of the ONR and the AEC. 

' See equation (12), G. Breit, Phys. Rev., 38, 463 (1931). This equation (12) is a 
generalization of the expression for the hyperfine energy of s terms, G. Breit, /bid., 
35, 1447 (1931)) 

? Dirac, P. A. M., Proc. Rey. Soc., A117, 611 (1928). 


THE INFLUENCE OF SIZE OF TEST-FIELD SURROUND ON 
VISUAL INTENSITY DISCRIMINATION* 


By C. H. GRAHAM AND FLORENCE A. VENIAR 
PSYCHOLOGICAL LABORATORY, COLUMBIA UNIVERSITY 
Communicated November 25, 1949 


The present report concerns a study of the effect of size of surround on 
the visual intensity discrimination threshold. 

Steinhardt! has studied this problem during the course of an experiment 
that was primarily concerned with the relation between A/// and intensity. 
His results are valuable but do not provide a complete analysis. In his 
experiments, the surround field brightness varied between 3.5 and 56 
per cent of the standard brightness, J, on one half of the test field. Effects 
attributable to surround were greatest with small test fields. Other work 
has been done by Blachowski*® and Fry and Bartley. The Fry and 
Bartley experiment, in particular, contributes some important data and 
interpretations, but neither it nor the Blachowski study gives information 
on intensity discrimination thresholds over large ranges of adapting 
intensity. The present experiment attempts to do this, In addition, 
it provides, over the range of areas examined, a more detailed analysis 
than was feasible in the Steinhardt study. Intensity discrimination 
curves are obtained for adapting intensities varying over a range of | to 
10,000 and for 15 combinations of differently sized test and background 
areas. 

Method.—The apparatus, similar to one described by Baker,‘ presents 
the subject with a uniformly illuminated, circular field of light intensity, 
I, to which may be added, at intervals of one second, a momentarily 
exposed, circular field of illumination, A/. The fields are seen in ‘‘Max- 
wellian view.’ The intensity of illumination of the /-field is varied in 
steps over a wide range by decimal filters, and the illumination on the 
added A/-field is varied in small steps by a wedge in combination with 
filters. The diameters of both the /- and AJ-fields may be varied in 
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regular steps (i.e., multiples of 2) by the provision of appropriately placed 
field stops with diameters of 1, 2, 4, 8 and 16 mm. These diameters 
provide visual fields of 0.6, 1.2, 2.4, 4.8 and 9.6 degrees at the subject's eye. 

For any given combination of sizes of A/- and /-fields, an intensity dis- 
crimination curve is obtained by finding the threshold increment, A/,, 
that is just perceptible at various levels of J. All combinations of /-field 
and A/-field that allow for a diameter of /-field greater than or equal to 
the diameter of the AJ-field are used. The combinations range from one 
in which the J- and A/-fields are equal at a diameter of 0.6 degree to one 
in which both fields have a diameter of 9.6 degrees. Under all conditions, 
the A/-field, when it is added to the /-field in the form of a 0.02 second’s 
flash, is centered on the latter. Since fifteen combinations of A/- and J- 
field exist, fifteen intensity discrimination curves were obtained for the 
subject of the experiment, Mr. Herschel Leibowitz. “White” light was 
used in all of the determinations, the filament lamps being operated on 
110 volts d.c. The glass reflector used in Baker's study is replaced by 
one that is partially aluminized. 

The brightnesses of the A/- and /-fields were determined by binocular 
match with an evenly illuminated surface viewed through an artificial 
pupil of the same size (2 mm diameter) as that provided in the eyepiece. 
Convergence was varied until the fields in the two eyes appeared side by 
side. With no filters in the beam of the adapting field, its apparent 
brightness was equal to that of a surface whose brightness (as measured 
by a Macbeth illuminometer) is 2830 milllamberts. Under the conditions 
of viewing through a circular artificial pupil of 2 mm diameter, this milli- 
lambert value is equivalent to a retinal brightness of 28,300 photons. 
[Photons = (10/") X pupil area in square millimeters X brightness in 
millilamberts.| The A/-beam without filters, by the saine type of measure- 
ment, gave an apparent brightness of 141,900 photons. Only one-tenth 
of the realizable brightness of the /-field was used as the maximum value 
in the experiments. 

Before a given experimental session, the subject put on a pair of com- 
fortably fitting red goggles’ which he wore for thirty minutes before enter- 
ing the darkroom. Once inside the darkroom, the subject took off the 
goggles and completed dark adaptation (to the limit of forty minutes) by 
remaining in the dark for ten minutes before making any observations. 
In the meantime the experimeter had placed the necessary filters in the 
optical system to provide the lowest level of adapting intensity for the 
particular surround area used in the particular session. In addition, 
provision had been made for the appropriate A/-field to be used on the 
given day. Following dark adaptation, the subject looked into the eve- 
piece and adapted for three minutes to the prevailing intensity, 7. After 
the hght adaptation interval the synchronous motor-sector disc shutter 
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was started and the subject reported on the presence or absence of a per- 
ceptible flash, 4/. In any single determination of A/, (i.e., the threshold 
value of A/) the method of limits was employed. The intensity of AJ 
was varied in steps of 0.05 log unit, and two to four flashes were given at 
each step, the subject being required to tell whether or not he saw the 
added flash. In the ascending order, A/ was increased in successive steps 
until the subject reported that he saw the flash; in the descending series, 
Al was decreased in steps until the subject stated that he did not see the 
flash. Five ascending and five descending series were used at each level 
of I to compute the threshold A/ corresponding to the change in response. 
Once Al, had been determined for a given level of /, the experimeter 
changed the filters in the optical system, and the procedure of determining 
Al, was repeated at an intensity level 10 times the initial one. In the 
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Log Al,/I as a function of log J for three conditions of foveal A/- and [-fields. The 
labels on the curves refer to the diameters (in mm) of the AJ- and J-fields, respectively. 


course of a single day's determination, threshold values of A/ were deter- 
mined for five levels of / separated from each other by a logarithmic unit. 
All observations were made with monocular regard; the subject used his 
right eye. On successive days of experimentation various combinations 
of Al- and I-fields were employed, a single combination in a given experi- 
mental session. Fifteen such combinations were used, each of which 
eventuated in an intensity discrimination curve. 

Results Obtained with the Two Smallest Al- and I-Fields.—The curves of 
figure 1, with labels representing field-stop diameters, represent results*® 
obtained with A/- and /-fields that are restricted to the fovea. Each 
curve has the shape of the typical cone intensity discrimination curve.’~* 
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At a low intensity of adapting field, A/,/J is large, and as the adapting 
intensity, /, increases, A/,// decreases until it approaches a final, limiting 
value at high intensities. The curve labeled l-on-2 applies to the A/- 
field of 1 mm on an J-field of 2mm; the l-on-1 curve, to A/- and /-fields 
of 1 mm; and the 2-on-2 curve to A/- and /-fields of 2mm. (A diameter, 
D,, or D,, of 1 mm represents a visual angle of 0.6°; a diameter of 2 
mm, 1.2°.) 

The results plotted for the l-on-1 and 1-on-2 curves exhibit a striking 
effect. The l-on-1 curve is shallow, and throughout most of its course, 
falls below the l-on-2 curve. It cannot be superimposed on the 1l-on-2 
curve by an upward shift on the ordinate axis; for superposition, an 
additional shift along the abscissa axis is required. 

The fact that the curve (1-on-2) for a small surround is lower than the 
curve (1-on-1) for no surround means that, when a small surround is present 
with a small A/-field, more added energy, A/, is required for intensity dis- 
crimination than is necessary when a surround is absent. In short, 
intensity discrimination for a small, foveal AJ-field is, over a large range of 
adapting intensities, better with no surround than it is with a small sur- 
round, 

The increase in threshold that is correlated with the presence of adjacent 
stimulation is analogous to a type of interaction effect often encountered 
in nervous centers, i.¢., inhibition. The particular basis for the depressing 
or inhibitory effect encountered in the present experiments remains to be 
analyzed, but it is worth pointing out that similar threshold changes in 
the presence of adjacent stimulation have been reported for visual functions 
other than intensity discrimination."° The work of Fry and Bartley* 
—_ demonstrates conditions for the lowering and raising of intensity discrimi- 
nation thresholds under conditions where the test and surround con- 
figurations are complex, 


The 2-on-2 curve (Dy, = D; = 2 mm = 1.2”) falls below the upper 
two curves of figure 1. This means that, so far as strictly foveal stimula- 
tion is concerned, discrimination is best with equally sized A/- and J-fields 
that approach the limits of the rod-free area of the retina. Within the 
same limits, an increase in the diameter of the A/-field results in better 
intensity discrimination. In the cases studied, an increase of a foveal 
t /-field beyond the limits of the A/-field produces poorer discrimination. 

Results Obtained with the Smallest Al-Field for All Sizes of I-Field. 
{ Figure 2 gives all of the data of the experiment, but for the moment, we 
: shall consider only the curves with crosses (i.e., those pertaining to the 
smallest A/-field) and note how they vary as D, increases. Analysis is 
aided by observing the change in position of the curves containing crosses 
with respect to the upper of each pair of dashed-line curves in the various 
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FIGURE 2 


The complete data of the experiment. Each group of curves represents a given 
value of D,;. Da; is a parameter that determines the position of each intensity dis- 
crimination curve within its D; group. The dashed lines represent Hecht's equation’ 


as described in the text. 
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sections of the graph. The corresponding dashed lines of the various 
sections are drawn through identical ordinate and abscissa values. 

The rise in threshold found with a small surround does not occur with 
/-fields of 4 mm and greater. In fact, at high intensities, AJ,// is smaller 
with large surrounds than it is when no surround is present. Figure 2 
shows that A/,// reaches its minimum at high intensities and large values 
of [-field. A rise in threshold attributable to surrowad occurs only when 
the A/- and /-fields are restricted to the rod-free area. When /-field size 
exceeds this area, intensity discrimination for a small A/-field is improved. 
This result means that large /-fields provide effects'' that ‘‘summate’’ 
with the processes due to A/. Whether the processes combine rod and 
cone effects remains a question. 

Results Obtained with Al- and I-Fields Greater Than 1.2 Degrees.— 
Analysis of the results for A/- and /-fields that extend beyond the limits 
of the fovea may be made with the aid of figure 2, which presents all of the 
data of the experiment. In figure 2, each group of curves represents a 
given diameter, D,, of /-field; the diameter of A/-field, D4,, is a parameter 
that determines the position of each intensity discrimination curve within 
a group of curves, 

The lowest group of plotted points in figure 2, i.e., those for an /-field 
of 16 mm (= 9.6 degrees), contains two dashed-line curves (previously 
referred to) that set the limits of variation of the data for the four largest 
A/-fields. These curves, as drawn, represent Hecht's* intensity discrimi- 
nation equation, A/,// c{l + 1/(KID)"’|*, where c and K are constants.’ 
The lower theoretical curve is fitted to the data for A/-fields of 2 (= 1.2°) 
and S mm (= 4.8"); the upper curve is the same curve moved to the right 
along the abscissa and upward on the ordinate in such a way as to fit the 
data for the A/-field of 16 mm (= 9.6°). The pair of curves representing 
Hecht's equation are repeated on the same coordinates in the data for the 
/-fields of 4and 2mm. In general it may be said that Hecht’s equation 
fits the data for the four largest A/-fields within the limits of experimental 
error, and it is probable that the same equation would fit the data for the 
smallest A/-field (for all values of D,) if appropriate vertical and horizontal 
shifts were made. 

Consider the data within the two theoretical curves of the lowest section 


of figure 2. Within the limits of variation set by the curves, the values 
of Al, 7 (at comparable values of 7) are greatest for the largest AJ/-field 
(16mm). The A/, / values are smaller for the A/-field of 4 mm, and then 


successively smaller for the A/-fields of 2and 8mm. Thus, it may be said 
that curve position is not an obvious parameter of size of AJ-field; reversals 
in curve order occur 

The reversal in order of the curves is shown in figure 3 which plots the 
data for log J ~ 0.452 and log / = 3.452 of the present experiment. (The 
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data are represented by filled circles in figure 3 and constitute what is 
called the Regular Series; the vertical lines in figure 2 denote the selected 
adapting intensities.) In figure 3 the curves of log A/,// for various values 
of D, show, at the two intensities used, a jagged appearance. At both 
intensities, A/,// is hiyhest for the A/-field of 1 mm. The curves traced 
through the points for the larger fields are not regular, and at both adapting 
intensities, A/,// for the largest A/-field (16 mm) is higher than it is for 
fields of 2,4 and 8mm. The data, then, do not show a systematic varia- 
tion of A/,// with diameter of A/-field. 

In an experiment of the type described it may be expected that day-to- 
day variances will contribute to the variability of the experimental results. 


© SPECIAL SERIES 
@ REGULAR SERIES 


LOG 120.452 


FIGURE 3 
The, intensity discrimination ratio as a function of the diameter of Al-field at two 


levels #f J in two experiments. In the Regular Series, day-to-day variances are large; 
in the Special Series, they are minimized. The diameter of /-field is 16 mm. 


Because of this fact a separate experiment was performed at the / values 
indicated by the vertical lines of figure 2. The results of this special 
series of determinations are plotted as open circles in figure 3. Since all 
of the values for a given adapting intensity were obtained in a single 
session (with an /-field of 16 mm) it may be expected that day-to-day 
variances will be minimized. The curves obtained in single sessions 
(1.e., the Special Series curves) are, in fact, more regular than the curves 
(Regular Series) obtained from the data of different days. 

In the Special Series, A/,/J for the smallest diameter of A/-field is larger 
in both curves than it is for the four largest diameters of Al-field. The 
curve for log J = 3.452 shows no change in A/,// for the four largest 
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diameters, and the decrease shown in the curve for log J = 0.452 is small; 
it covers a range of about 0.2 log unit. Since the effect is so small as to 
be readily masked by day-to-day variances, it may be thought of as a 
second order effect within the range of areas encountered in this experiment. 

The dashed line curves drawn about the data for /-fields of 8, 4 and 2 
mm are identical with the theoretical curves that apply to the data of the 
largest /-field. All pairs of theoretical curves seem to embrace their 
respective data in a comparable manner, This result, together with pre- 
vious considerations as to variability, indicates that, for J-fields greater 
than 1.2 degrees (= 2 mm), A/,/J (at comparable adapting intensities) 
remains unchanged with an increase in the size of the surrounding /-field. 
In addition, it means that an increase in the size of the AJ-field beyond 
about 1.2 degrees has, at best, a small effect on the magnitude of AJ,/J. 

The conclusion of the last paragraph may not be surprising when it is 
remembered that the curves of figures 1 and 2 are ordinarily accepted as 
curves of cone function. Increasing the diameters of the J-field and the 
Al-field beyond the retinal limits where cone functions predominate does 
not change the value of A/,/J at intensities where the cones are the basic 
determiners of discrimination. 

Summary.—(1) A method is described whereby a subject is stimulated 
by a uniformly illuminated circular field of brightness, J, to which may 
be added, at intervals of one second, a momentarily illuminated, circular 
field of brightness, AJ. Threshold values of A/ are obtained as a function 
of J for 15 combinations of sizes of Al- and J-field. The largest visual 
field used has a diameter of 9.6 degrees. The intensity values chosen 
provide data on the “cone” portion of the intensity discrimination curve. 
(2) Intensity discrimination for a small, foveal A/-field is, over a large 
range of adapting intensities, better with no surround than it is with a 
small surround. When surround size increases beyond the limits of the 
rod-free area, the intensity discrimination threshold for the small A/-field 
decreases, at high intensities, below the value obtained with no surround, 
These results are interpreted in terms of a concept of interaction. (3) 
Al, J values that lie on the cone portion of the intensity discrimination 
curve are lowered only slightly and uncertainly by increases in the diameter 
of either the A/- or /-field beyond the limits of a central area of about 
1.2 degrees. 

* This work was done under Project NR 142-404; Contract Number N6onr-271, 
Task Order LX, between Columbia University and the Office of Naval Research, U.S 
Navy. Reproduction in whole or in part permitted for any purpose of the United 
States Government 
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HOMOGENEOUS CONTACT TRANSFORMATIONS 
By Lutuer P. ErseNHart 


Fring Princeton, New Jersey 
Communicated November 30, 1949 


A necessary and sufficient condition that 


be the equations of a homogeneous contact transformation is that 2‘ and 
p, satisfy the equations! 


oz! oF 
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In these equations we use the convention, to be used throughout this paper, 
that when the same index appears twice in a term this term stands for the 
sum of the terms obtained by giving the index each of its values. 

From equations (2) it can be shown that #‘ are functions homogeneous 
of degree zero in the p's and that /, are homogeneous of degree one in the 
p's. 

We consider now the system of differential equations 


+ = 0 (a, 8 = 1,...,%). (3) 


Since these equations are in Jacobian form, if they are to admit m inde- 
pendent solutions the commutator (X7, must be identically zero,? 
that is 
Poe Ox! + dp, (a n) ( ) 
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For n independent solutions of (3) the rank of the matrix of the quantities 
OF'/dx" and O2/Op, is n. Since it follows from (3) that any determinant 
of order n of this matrix is a multiple of the determinant of the quantities 
Of'/Ox", we have that this determinant is not identically zero. 

If now the solutions 2‘ of equations (3) are to be the first set of equations 
(1) of a homogeneous contact transformation, we note from the second of 
equations (2) that the matrix of the quantities O7'/Op, is of rank less 
than na. Then from (3) and the fact that the determinant of the quantities 
of'/Ox" is not zero it follows that the matrix of the quantities h°* is of 
rank less than m. Since the #' are to be homogeneous of degree zero in 
the p's, if equation (3) in #‘ is multiplied by p, and summed for 8, we 
obtain 


ph” = 0. (5) 
From the second of (2) and (3) we have 


= (), 


5 
Ox" 


from which and the first of (2) we obtain 
pA = 0. (6) 
Ry differentiation of this equation we obtain 


oh* 
+ h*” = 0), (7) 


By means of these equations, if we multiply equation (4) by p, and sum 
for a, we obtain A’ = kh’, that is the quantities #°* are symmetric in 
their indices. 
We consider now the system of partial differential equations* 
a 
(8) 
Ops 
A necessary and sufficient condition that these equations be completely 
integrable, that is, that there be a solution involving m independent con- 
stants is the same as the condition that the associated system (3) admit n 
independent solutions,’® that is, equations (4). 
In consequence of (6) and (S) we have p,(Ox"/Op,) = O, that is, the solu- 
tions x" of equation (8) are homogeneous of degree zero in the p's, 
Since the quantities 4“ are symmetric in their indices, we have from 
(S) that 


(9) 
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. 
Wage 
lige | 
4 
j 
q 
ag 
i 
1k 
ie 
| 
Ox 
Ops Pa 
| 


Vou. 36, 1950 MATHEMATICS: L. P. EISENHART 


Put 


Ov 
x! = O 
Op: 
where ¢ is a non-linear homogeneous function of the p's of degree one 
as follows from (8), and c', ,c" are constants. Substituting in equation 
(9) for a = 1, 8 = 2, we obtain by integration 
Ov 


ft 


2 ss 


x 


where ¥ does not involve p; and is homogeneous of degree one. From the 
form of the above expression for x' we have that ¥ can be included in ¢, 
so that. in all generality we have 


For a = 1, 2, and 8 = 3 in (9) we have by integration 
Oo 
ap 
where o does not involve ~,; and p», is homogeneous of degree one, and 


consequently can be included in ¢. Continuing this process we note that 
in all generality we have 


3 


x" = + ..., (a = 1, -.., m) (10) 


where the functions f* are independent. 
From these equations and (8) we have 


=x +. (11) 
OP OP 
with the result that equations (4) are satisfied, and also (5) and (6). 

In accordance with the theory of equations (8) and the associated system 
(3), if @(x, p) = c* are solutions of equations (10), the functions @ are n 
independent solutions of equations’. 

In the present case the equations 


= where = — —, (12) 
op 

¥' being any independent function of the y's, are the first set of equations of 

a homegeneous contact transformation. For the determination of the 

second set we have from (2) 


27 
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oy" OpOPs 


Since ¢ is by hypothesis homogeneous of degree one in the p's, the unique 
solution of the first set of these equations satisfies the second set. Hence 
we have: 

lf ¢ is any non-linear function of pi, ..., Px homogeneous of degree one, 
and are any n independent functions of x' — Og/Op., ..., — 
the equations 2‘ = ¥' are the first set of equations of a homogeneous contact 
transformation, and the second set is obtained by solving the first set of equations 
(13) where y* = x* — O¢/Op,. 

We consider next the case when the matrix of the quantities 02'/0x* for 
a= 1, , n is of rank less than nm, and assume that the matrix of the 
quantities OF'/Ox" for a = 1, ,r(>1) and O#'/Op, = r+ 1,..., 
nisof rank n. In place of equations (3) we consider the system 


0. (13) 


of of of 
X Ss h = 0, 
Ops Ox OP, 


(a, 8 =1,....7; 2), 


and assume that they admit independent solutions Z* = ¢‘(x, p), which 
are the first set of equations (1). 

If these equations in 2‘ are multiplied by #, and summed for 4 and 
equations (2) are to be satisfied, we have, 


h,"patp, = 0, = 0. (15) 


Since 2‘ are to be homogeneous of degree zero in the ~’s, 


Ops OP, 
by means of which we have from the second of (14) in #* 
+ (psh®, — pr) = 0. 
Consequently 
ph” = 0, poh", = pr, (16) 


since the matrix of O2/Ox" and 02'/0/, is of rank m by hypothesis. 
rhe equations for which equations (14) are the associated system are 


by 
a 
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OPr 


= hy, 


Ox* OPr 
Ops 


The conditions of integrability of the first set of (18) are 
on** on™ on** on* 


ax + ap, + ap. dp. = 0 


From the second of equations (15) we have 


on" one on** 
= 0, th” = 0, = 0. 
If equation (19) is multiplied by p, and a is summed, we have in conse- 
quence of the above equations that 4” is symmetric in its indices. 
Making use of this fact and proceeding with the first of equations (18) 
as was done with equation (9) we take 
OF 
x" = (20) 
op. + 
where ¢ is any non-linear function of ~;, ..., ~p, homogeneous of degree 
one. From the first of equations (15) and (17) we have 


(21) 


If then the functions y," are such that the determinant D of the quantities 
¥" and p,(dy,"/dx") is different from zero, we have on solving equations 
(20) and (21) for the c’s 


) at — pw”, 


ci = #(x, p) = (= 


where and are the cofactors of and respectively, 
in D divided by D. Accordingly J,‘ and ~”' are homogeneous of degrees 
OQand —1, respectively, in pi, ..., and consequently are homogeneous 
of degree zero in pi, ..., Pn. 

In accordance with the general theory* of systems of equations of the 
form (17) and (18) and the associated system (14), the functions 6* in 
(22) are solutions of equations (14). So also is any function of the 6's. 
Hence 


29 
ox" 
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= ..., 6), (23) 


where f' are any m independent functions of the 6's, are the first set of 
equations of a homogeneous contact transformation. Equations (2) are 
satisfied by p, obtained by solving the equations 


of 
= pw. (24) 
Hence we have: 
Given any non-linear function ¢ of pry, , P» homogeneous of degree one 
in the p's and functions ¥"(x"*', x"), fora = 1, I, 
such that the determinant D of and ford = 


not sero; a homogeneous contact transformation is defined by equations (23) 
and (24), where f' are any n independent functions of the @'s, the latter defined 
by (22) where and are the cofactors of and respectively, 
in D divided by D. 

There remains for consideration the case where the matrix of OF'/0x* is 
of rank one. In this case we have equations (14), (17), (18) for a, 8 = 1. 
2, , mn, where 


h,' = Pe h,, = 0, = 0, h', = Py 
Pr Pi 
In place of (22) we have 
cl = p) = (b'x"p, (vy =1,....m7 N= 2,...,m), 


Pr 
(25) 


where 5‘ and 6” are constants whose matrix is of rank m. For this expres- 
sion for @ equations (23) are the first set of equations of a homogeneous con- 
tact transformation and the second set is obtained by solving the equations 


(’ +) 

4. ¥ (u = n) 

of 


where 4, and 4,, are the cofactors of 6’ and 6” in the determinant of these 
quantities divided by the determinant. 


‘CG. pp 230, 240. A reference of this type is to the author's Continuous Groups of 
Transformations, Princeton University Press, 1933. The geometric properties of these 
transformations, accounting for the term contact, are derived in pp. 242-245. This 
thaterial may also be found in the author's article “Contact Transformations,” Ann 
Vath., 30, 211-249 (1929 

‘Cc. G. p. 8 

‘CH C G., pp. 3-5 


wont. 


a | 
out 
'e 
. 
: 
| 
| 
\ 
ys 
hee 


Vor. 36, 1950 MATHEMATICS: K. FAN 31 


ON A THEOREM OF WEYL CONCERNING EIGENVALUES OF 
‘LINEAR TRANSFORMATIONS. II* 


By Ky Fan 


DEPARTMENT OF Maruemarics, UNrverstry OF Notre DaME 
Communicated by H. Weyl, November 25, 1949 


1. This is the continuation of an earlier Note.'. The main result of 
the present Note is a generalization of Weyl's theorem’ which has been 
restated at the beginning of |. Let A be either a linear transformation in 
an n-dimensional unitary space or a completely continuous linear operator 
in Hilbert space. Let A, be the successive eigenvalues of A and «, be those 
of the non-negative Hermitian transformation A*A. Weyl’s theorem 
gives a set of inequalities comparing |r, | * with Our generalization 
will show that Weyl’s inequalities remain valid if the transformation 
A*A is replaced by the transformation 8A*A + yAA*, where 8,7 are 
any two non-negative numbers with 6 + y = 1. 

We shall also consider the Hermitian transformation (A + A*)/2 and 
give a set of inequalities comparing its eigenvalues with the real parts 
®A, of the eigenvalues A, of A. 

In the following we shall only deal with linear transformations in a 
finite-dimensional unitary space. Nevertheless it will become clear that 
both Theorems 1 and 2 and their proofs can be easily carried over to 
completely continuous linear operators in Hilbert space, especially to 
linear integral equations with continuous kernels. 

I am greatly indebted to Professor H. Weyl for his valuable criticisms 
which led to the final form and generality in which the results are presented 
here. 

2. We begin with the following lemma which may be regarded as a 
matric generalization of the inequality between the arithmetic and geo- 
metric means. 

Lemma |. Let B and C be two n-rowed non-negative Hermitian matrices 
and let 8,y be two non-negative numbers with 8 + y = 1. Then 


det(8B + yC)> (det B)*(det C)’. (1) 


Obviously we need only to consider the case where B,C are both positive 
definite. Then there exists a non-singular matrix 7 such that T*BT 
and 7*CT are both of diagonal form. Let the diagonal-elements of 
T*BT and T*CT be and < i < respectively. These numbers 
My ¥ are necessarily >0. The matrix 7*(8B + yC)T is also of diagonal 
form with diagonal-elements 8 yw, + yr(l < t+ < nm). It is clear that 
inequality (1) is equivalent to the trivial inequality 


j 
i 
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Lemma 2. If A ts an arbitrary linear transformation in the n-dimensional 
unilary space and e, (1 < i < n) are n orthonormal vectors in the space, then 


| det(Aey 5 1,...,¢ det(Ae, (2) 

In fact, if we take e, (1 < i < m) as the unit vectors and denote the q 
vectors Ae, by x, = Xyt, = Ae, (1 < i < q), then inequality (2) reads 


(X2, X1)(X2, Xa)... (Xa, XQ) | 


| (Xqp Xa). . (Xqy Xe) | 


which is evident, since the Gram determinant on the night side equals 


abs.? | 


1S .<ig Se 


| 


As the matrices ||(Ae,, e,)|| and ||(A*e, e,)||(é, 7 = 1, 2, ..., g) are Her- 
mitian conjugates of each other, inequality (3) is obtained by applying 
inequality (2) to A*. 
Lemma 3. Let H be a non-negative Hermitian transformatioa in the n- 
dimensional unitary space. If the eigenvalues £(1 < i< n) of H are arranged 
q 
in descending order, then for any posilive integer q < n, the product Il & is 
the maximum of the q-rowed determinant det (Hey ..., when gq 
orthonormal vectors ..., vary. 
We need only to show that the inequality 


holds for any g orthonormal vectors ¢, ..., ¢. The case g = | is well 

known. For an arbitrary value g, we apply the case g = 1 of relation (4) 

to the linear transformation /'*' induced by H for the space elements 

(skew-symmetric tensors) of rank gq. 

We come now to our main result 
TuroreM |. (Generalisation of Weyl's Theorem.) Let A be an arbitrary 
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linear transformation in the n-dimensional unilary space, and let 8,y be two 
non-negative numbers with 8 + yy = 1. Let the eigenvalues of the trans- 
formation A and the non-negative Hermitian transformation H = BA*A + 
yAA* be denoted by d, and &, (1 < i< n), respectively, which are so arranged 
that 

IM] > [Mel 2...2 [me], (5) 


Then for any non-decreasing function w(t) on t > 0 such that w(e") is a convex 
function of +, the inequalities 
@ 


Aj *) < (sSqsn) (6) 
i 


t= 


hold. In particular, for any real exponent s > 0: 
(lgqsn). 


As in Weyl’s proof of his theorem, we need only to establish inequalities 


¢ 
(8) 


tel 


To derive relation (6) from relation (8), one can either use Weyl’s lemma?’ 
or apply a lemma due to G. Pélya® to the two sets of numbers log | \,| * and 


log 
Since A,(1 < # < nm) are eigenvalues of A, there exist m orthonormal 


vectors ..., é, such that (Ae, = A(1 < < and (Ag, = 0 
a 
for l<i<jcm. Set 


Then Lemma 2 yields inequalities 


q q 
det B, < det C,. 


i=l 
Consequently 
< (det B,)* (det C,)” 
i=l 
and according to Lemma | the right side is less than or equal to det H,, 


where H, = 8B, + 7C, is the matrix || (Hey, ¢))||4 j=1,..,¢ On the other 
hand, Lemma + asserts that 


q 
det H, Il &. 
inl 


Thus (8) is proved. 


| | 
(7) 
i@#l 
| 
| | 
| 
i 


uM MATHEMATICS: K. FAN Proc. N. A. S. 


4. Denote now by «(1 < ¢ < m) the eigenvalues of A*A arranged in 
descending order. Between the eigenvalues §; of H = BA*A + yAA* 
(for an artutrary pair 6 > 0, y > 0, 8 + y = 1) and the eigenvalues «, of 


A*A, inequalities 


(9) 


hold. in fact, by Theorem | of I, the left side is the maximum of 
tel 


when g orthonormal vectors y;, ..., y, vary. This maximum is not greater 
than 


8 Max >> (A*Ay, + Max (AA*2,, 
il 


The last two maxima are both equal to the right side of relation (9). 
From formula (9) and Pélya’'s lemma quoted above, one concludes that 
inequalities 


tel 


are satisfied for any non-decreasing convex function Q(4). Of course this 
class of functions ((/) is much narrower than the class of functions w(/) 
figuring in Weyl’s theorem as well as in the above generalized theorem. 

4. One would naturally compare the real parts ®A, of the eigenvalues 
A, of A with the eigenvalues p,; of the Hermitian transformation (A + 
A*)/2. For this comparison, we have 

Turorem 2. Let A be an arbitrary linear transformation in the n-di- 
mensional unilary space. If the eigenvalues \,, p(1 << i < n) of A and (A + 
A*)/2, respectively, are so arranged that 


WA, 2 Ry > > Pi > 2... 2 Pw (11) 


then they satisfy the inequalities 
¢ 
< Ap, (12) 


for any non-decreasing convex function Q(t). 

First the case Q(/) = ¢ can be easily proved by using Theorem | of I. 
Then the general case follows by applyi: , Pélya’s lemma. 

Obviously, inequalities similar to formula (12) exist between the 
imaginary parts of A, and the eigenvalues of the Hermitian transformation 
(A — A*)/2 V —1. 
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A COMMUTATIVITY THEOREM FOR NORMAL OPERATORS 
By Bent FuGLEDE 
UNIVERSITY OF COPENHAGEN (PRO TEM STANFORD UNIVERSITY) 
Communicated by John von Neumann, November 9, 1949 


1. Introduction.—This note contains two results concerning linear 
operators in Hilbert space 9. 

THEOREM I: Let B be a bounded' operator and N a normal but not neces- 
sarily bounded operator with the canonical spectral representation 


N= aE, = x + ty). 


Suppose that B commutes with N: 
BN & NB. 
Then B commutes with E, for any 2: BE, = E,B and hence B commutes 
with any function of N, e.g. 
BN*S N*B (or B*N NB*). 


This theorem is very easily obtained in the case where N has a pure 
point spectrum. In the general case we may approximate N by operators 
with pure point spectra. Although these approximating operators in 
general do not commute with B, it turns out that the proof can be carried 
through along these lines, as shown in section 2. A second proof has later 
on been established by P. R. Halmos. 

It is still an open question whether or not NT © 7'N implies N*T & 
TN* if N is bounded and normal and 7 is closed but non-bounded. In 
the case of two non-bounded operators the concept of commutativity is 
not even generally defined. It is, nevertheless, worth while to mention an 
example of two non-bounded, normal operators NV, and N» which in a very 
suggestive way behave like commuting operators whereas N, and N,* 
behave like non-commuting operators. The example was constructed 
first by J. v. Neumann,’ p. 61, footnote 37. 

In section 3 we will discuss a conversion of Theorem 1. 

2. Proof of Theorem I.--We introduce an arbitrary square lattiee with 
lines parallel to the coérdinate axes of the complex plane. The length of 


i 
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the sides of the squares is called s. The squares are considered as closed 
at left and below so that they are mutually disjoint. We arrange them as 
4 sequence -» Om, ..-. The center of o, is called For any 
Borel set a in the complex plane we denote by 


E(a) = 


the “spectral measure’ of a. These projectors E(a) commute with NV 
(and N*). Evidently, 


= 1, EledE(on) = (1) 
To any bounded operator A we attach a “‘matrix,”’ the elements of which 
are operators: Ay = E(e)AE(e,). It follows that 
a ZAa = AE(a,), (2) 
»A A. (3) 
Using the function: A(z) = 2, when zeo,{i = 1, 2, ...), we introduce a 
normal operator 


N' = h(N) = h(s)\dE, = 


N’ has a pure point spectrum with the eigenvalues among the numbers 
z, and the corresponding spectral manifolds are the ranges of the projectors 
E(a,). As, moreover, NV’ commutes with any £,, we get 


In order to estimate how well N’ approximates N, we observe that 
is ~ Als), S '/959/2 (= the semidiagonal of each square). Hence the 
operator 


N’ = — his) 
is bounded and 
INAS (fe 9). (5) 
Thus we have (see, e.g., Nagy,’ p. 45, property d) 
= fh(s)\dE, + S — h(s)}dE, = = N, (6) 


and the domains of N and N’ are equal, say D. 
Now, let f denote an arbitrary element of D. Since BN © NB even 
Bf belongs to D and we have by assumption BNf = NBf. Using equation 


' (6) and the fact that V” is everywhere defined, we obtain 


BN'f — N’BS = —BN"f + N*Bf. 


Replacing f by E(o,)f which does belong to D and applying E(¢,) on both 
sides of this equation, we get 


¥ 
bile 

a 
{ 
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E(e) BN'E(o,)f — = — Elo) + 


i.e., 
Baf = ~BaN*f + N"Baf 


by use of equation (4) and (on the right-hand side) E(o)\N’ = N’E(o,). 
From this and relation (5) we derive an estimation which is the central 
point of the proof: 


(For a bounded operator A we denote by |||A/|| the greatest lower ‘ 
bound for the numbers ¢ for which ||Af|| S ¢||f|, for all f). By conti- 
nuity, equation (7) remains true for any fe $, whence for i # k 


8) 
| 


This inequality permits us to conclude that 
ie, Ba = 0, (9) 
for any i, k for which 
| > sv/2. (10) 


The only pairs i, k for which the condition (10) is not fulfilled are such 
where o, and o, are neighbors in the sense that they touch each other either 
at a corner or along a side. Even in this case we can, however, prove that 
By = O holds if # k. We divide each side of each square o, into n equal 
parts in order to introduce a new lattice, m times as fine as the original one. 
Consider now our two neighbors o, and o,, and let them, e.g., touch along 
a horizontal side, , being just below o,. By the subdivision we get n* 
small squares o,°(p = 1, 2, ..., m*) inside ¢, and n* small squares o,‘(q = 
1, 2, ..., m*) inside o,. Then 


E(a,) = Ele?), E(e,) om E(o,") 
and hence 
By = BE(o) = -1 Elo?) BE(o,"). (11) 


According to the above result (9), but now applied to the new, finer lattice, 
those terms in equation (11) which correspond to non-neighbors in the 
fine lattice vanish. Thus we are allowed to consider only those terms 
E(o?)BE(o,") where of “touches” the large square o, (whereas o,‘ may 
be any of the small squares inside ¢,). Denoting by p, the small rectangle 
composed of exactly these latter o°, we may recollect the terms thus 
considered 
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Bau = Hof) BE(e,*) = E(p,) BE(e,). 


c 
Pu, g = 13, ..., 
(12) 


This equation being valid for any natural number nm, we may pass to the 
limit » -» ©, whereby the rectangles p, decrease toward their intersection 
which is empty because we have considered the lattice squares as ‘‘semi- 
closed’’ in the previously indicated way. By the total additivity (or 
“multiplicativity’’) of the spectral measure (a) we therefore obtain 


lim, . .E(p,) = 0, 


and hence from equation (12) the desired result By = lim, ~ ./(o,)BE(ox) 
0. Thus we have proved the equation 


Ba = Elo) BEloe,) = 0 for # k. (13) 


In order to show that B commutes with F, for any given complex 
number s, we choose the original square lattice so that the point z = x + ty 
is a lattice point. We denote by ¢ the quarterplane consisting of all 
points with real part <x and with imaginary part <y. This quarterplane 
is a sum of squares o, from our lattice. Now 


E, = E(t) = 3,'E(e,) 


where the apostrophe denotes that the summation is to be restricted to 


squares 0, © ¢. Thus we get, remembering equation (1), 


E,B= Z'E(e)B = 
On account of equation (13) this gives 


Next, when computing B&, in a similar manner, we obtain exactly the same 
result and we have thus proved that 


BE, = 


Phe rest of Theorem | follows casily from this relation by use of the opera- 
tional calculus (see, e.g., Nagy,’ p. 45, property 4, and p. 29, top of page). 
3. On a Conversion of Theorem I.--1. E. Segal has kindly drawn my 
attention to a slightly different formulation of Theorem I: Amy normal 
operator N has the property P that the ring of all bounded operators B com- 
muting with N ts a self-adjoint ring; that is, whenever the ring contains 
B then it contains also B*. We may ask whether this property P charac- 
terises the class of normal operators. This is actually the case if we con- 
sider bounded operators only. For if V is a bounded operator with the 
above property P, then we simply choose B = N and infer that VN* 
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N*N, q. e. d. Next let a non-bounded operator T have the property P. 
Here we cannot choose B = 7. This might seem to be a mere technical 
difficulty, but that is actually not the case as shown by the following 
theorem. 

Tueorem Il. There exists a closed operator T (with a demain everywhere 
dense in $) which does not commute with any bounded operator, except with 
the numerical multiples of the identity I. 

The operator 7, constructed below as an example proving this theorem, 
has, furthermore, the entire complex plane as point spectrum, any complex 
number being a simple eigenvalue. 7 is, of course, not normal. 

In the Hilbert space § = ¥°(— @ <x < @) we consider the self-adjoint 
operators‘ P = —id/dx and Q = x- and form the operator T = Q + éP, 
which is defined in a dense set D. For a function f(x) « D we have Tf(x) = 
xf(x) + f'(x). In order first to prove that T is closed, we consider any 
sequence {f,| for which lim, /,(= and lim,7/,(= g« $) 
exist. We then have to prove that fe D and that 7f = g. It is sufficient 
to show the existence of lim,Qf, and lim,Pf,, for this implies (Q and P 
being closed) that fe DeNDp = D and that lim, Qf, = Of, lim, Pf, = Pf, 
whence lim, 7f, = lim, Qf, + ilim, Pf, = Of + iPf = Tf, q.e.d. Now, 
let A be an arbitrary element of D. Then 


+ = ||Qhi|* + || Ph!|*? + (Qh, iPh) + (iPh, Qh), (14) 


(Qh, iPh) + (iPh, Qh) = _2xh(x)h'(x) de + Sh’(x)xh(x) dx = 
S2x(d/dx)\h(x)|? dx = de O 
— |{h||* Substituting in equation (14), we get ||Qh||*? + ||PaAl\|*? s 
‘{h\|? + ||Th!\?, by which inequality the convergence of {Qf,} and of 
{| Pf,} is derived from that of {f,} and of {7f,} putting h = f, — f, and 
making m,n-* . Thus T is a closed operator. 

If s is any complex number, then the equation 7f = sf may be written 
f'(x) + (x — s)f(x) = 0, the only solutions of which are f(x) = const. 
f(x), where 


= exp {—'/2(x — D. 


Thus s is a simple eigenvalue for 7, the corresponding eigenelements being 
cf, where ¢ is an arbitrary complex number. Suppose now that a bounded 
operator B commutes with 7:;BT © TB. In particular, TBf, = BTY, 
forany s; thatis 7Bf, = sBf,, showing that Bf, (if # 0) is an eigenelement 
for T belonging to the eigenvalue s; 1.e., 


Bf, (15) 


where c, is a certain number depending on s only. On account of 
the regular way in which f, depends on s, combined with the boundedness 
of B, we may show that c, is a differentiable (i.e., analytic) function of s 
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in the whole s-plane, and as c, is bounded (because B is bounded) we infer 
by Liouville's Theorem that c, is a constant c. The details may be carried 
out in the following way. First we prove that 


(s ~ 5°) — Sur) -> (in ass->s’,s (16) 


where g,(x) = Of,(x)/Os = (x — s)exp {— '/:(x — 5)*}. The relation (16) 
holds, of course, in the sense of pointwise convergence. Now we may show 
that |f,(x) — fu(x)| |g,-(x)| ‘\s—s"| where s’ass * 5’. An esti- 
mation of |g,(x)| justifies the application of Lebesgue’s convergence 
theorem whereby relation (16) is proved. An immediate consequence of 
this result (16) is that the complex function (/,, 4) of s is differentiable at 
any s; 4 being any fixed element of $. In order to prove that ¢, is differen- 
tiuble at any given point s’ we use equation (15) to write 


CAS Se) fv) (Bf,, (fe B*fy). 


Here (/,, f,) and (f,, B*f,-) are both differentiable (choose h = f, and = h 
B*f,, respectively). Hence c, = (f,, B*fy)/(f»fy) is differentiable at any 
point s where (/,, f) # 0, in particular at s = 5s’, q. e. d. 

From Bf, = cf, for all s we finally conclude that 


Bh = cf for every fe §, (17) 


considering that B is a bounded (i.e., continuous) operator and that the set 
of all finite linear combinations of the elements f, is everywhere dense in 9. 
In fact this latter statement holds even by restricting s to take real values 
only, as we may show, e.g., by use of the Fourier integral calculus. Sup- 
pose that an element /# ¢ is orthogonal to every f, (s real): 


(h, = ah(x) exp [—'/2(s — x)*}dv = Ofor alls. (18) 


This means that the convolution A(x)* exp (— '/;x*) of the two ¥*-functions 
h(x) and exp (— '/, x") is identically zero. But this implies that the prod- 
uct of the Fourier transforms of A(x) and of exp (—'/, x*) vanishes. As the 
latter Fourier transform is exp (-~ '/,x*) # 0 we infer that A(x) = 0. This 
means, however, that the set [f,} spans $. We have now established 
all the properties of 7 announced in Theorem II and the succeeding re- 
marks. 


' The expression bounded operator means in this note a bounded, linear operator 
which is defined in the entire Hilbert space 

* Portugaliae Math., 3, 1-62 (1042), particularly appendix 3, pp 60-61. 

’ Nagy, Béla Sz., “Spektraldarstellung linearer ‘Transformationen des Hilbertschen 
Raumes," Erged. d. Math., V, 5, Berlin, 1942. 

* Stone, M. H., Limear Transformations im Hilbert Space, Am. Math. Soc. Coll. Publ. 
XV. New York, 1932. About the self-adjoint operator —id/dx, see Theorem 10.9. 
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ON THE 3-TYPE OF A COMPLEX 


By Saunpers MacLanr* anp J. H. C. Warreneap 


DePaRTMENT oF Matuematics, Tuk Unjverstry or CurcaGo, AND MAGDALEN 
Oxrorp 


Communicated November 10, 1949 


1. Introduction.—The standard algebraic invariants of a topological 
space depend only on the homotopy type of the space. This note will deal 
with part of the converse problem of the determination of the homotopy 
type by algebraic invariants, and will show in effect that the only one- 
and two-dimensional invariants which enter are the fundamental group 
w,, the second homotopy group , and a certain three-dimensional co- 
homology class of 7 in #2. 

As in CH I,* we consider connected cell complexes’ K, and denote by 
K" the n-dimensional skeleton of K. We recail that the complexes K and 
K’ are said to be of the same n-type if, and only if, there are maps @: K, -> 
K’,, K’, — K", and homotopies 


~ i: K", 


where i, i’ are the identical maps. In this case we write ¢: K™ = ,_,K", 
and we assume that m > 1, since any two (connected) complexes are of the 
same l-type. Then = if, and only if, 


¢,: & 2(K") (ry = 1,...,”8 — 1), (1.1) 


according to Theorem 2 in CHI, where ¢, is the homomorphism induced 
by @. The classification of complexes according to their 2-type is equiva™ 
lent, under the correspondence A -» 7,(K), to the classification of groups 
by the relation of isomorphism. The purpose of this note is to define an 
algebraic equivalent of the 3-type. Since the n-type of A depends only 
on A", we may always replace K by K* when we discuss the 3-type. There- 
fore we assume that any given complex is at most 3-dimensional. 

By an algebraic 3-type we mean a triple, T = (2, 72, kK), which consists of 

(a) an arbitrary (multiplicative) group ™, 

(4) an additive, Abelian group 7, which admits 7, as a group of operators, 

(c) a 3-dimensional cohomology class ke H*(m,, m2). 

The algebraic 3-type of a complex K is the triple (9;(K), (K), k(K)) 
consisting of the fundamental group, the second homotopy group of K 
(with the usual operators of r,(K) on m(K)), and the “obstruction”’ in- 
variant k* = k(X), defined as #1 CT III* (cf. §2 below). 

Let T = (m, m2, k) and 7”. = k’) be any algebraic 4-types. 
By a homomorphism ; 
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6 = 6,): 


we mean a pair of homomorphisms 


such that 
= 2 € %2, (1.3a) 
Ok(x, 2) ~ R'(Ox, Oy, 2), x, ¥, (1.3b) 


where k and k’ are (non-homogeneous) cocycles in the classes k, k’, re- 
spectively. The homomorphism @ is an isomorphism if, and only if, both 
é, and @, are isomorphisms; the resulting relation 7 > 7” of isomorphism 
between 3-types is clearly an equivalence relation. 

We shall say that a given algebraic 3-type, 7, is realized by « complex, 
K, if, and only if, 7S T(K). Let K = K* and A’ = K"* be given com- 
plexes and @: K -» K' a given map. Let = = 1a(K’). 
Then (1.3a) is satisfied by the homomorphisms ¢;, ¢:, which are induced 
by @. It follows from the definition of k* that (1.3b) is also satisfied. 
Therefore @: K K’ induces a homomorphism 7(K) T(K’). If 
the latter is given, then a map, K —» K’, which induces it, will be called a 
(geometrical) realization of @: T(K) -» T(K’). 

The main results are 

Turorem 1. Two complexes K and K’ are of the same 3-type’ if, and only 
if, = T(K’). 

Turorem 2. Any algebraic 3-type can be realized by some complex. 

Turorem 3. For complexes K and K’' a given homomorphism T(K) — 
7(K") has a geometrical realization, @: K -> K', provided that dim K § 3. 

Theorem 1 may be deduced from Theorem 3 and the statement con; 
taining equation (1.1). ; 

2. Crossed Sequences. The algebraic constructions relating to 3-types 
involve certain types of ‘operator sequences’ of groups and homomor- 
phisms. In general, such a sequence consists of additive groups A and B 
(B abelian, but not necessarily A) which admit the multiplicative groups 
P and Q, respectively, as groups of ieft operators, together with the homo- 
morphisms 


Die >O-— 1, (2.1) 


such that wA(B) = 1, mu(A) = 1, oP) = Q. The homomorphisms A, y 
must be operator homomorphisms, in that 


= p(rd), peP, be B; (2.2) 


u(pa) = peP,aeA. (2.3) 
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Finally, 


at+a’—a = (pa)a’, a, a’ eA. 2.4) 


The middle section 4: A -» P, since it is subject to the conditions (2.3) 
and (2.4), defines A as a crossed (P, «)-module in the sense of CH II. It 
follows from equation (2.4), first with a «eu~'{1) and then a’ ¢w~*(1) that 
uw” *(1) is in the center of A and that uA operates simply on w~'(1). 

We need only two special types of such operator sequences. 

Crossed sequences are operator sequences (2.1) which are exact sequences. 
The crossed (P, «) module A of such a sequence determines the crossed 
sequence up to isomorphism, with Q & P/uvA, B= w~(1) ¢ A, and with 
the operators of Q on B determined by equation (2.2). Hence the theory 
of crossed modules is equivalent to that of crossed sequences, as developed® 
in CT III. 

Each crossed sequence determines an algebraic 3-type in the following 
way. Foreach ge Q select a representative u(q) ¢»~'gin P, with u(1) = 1. 
Then = fig, lies in = w{A). Select a(q, g’) 
*f(g, q’) with a(q, 1) = a(1, = 0. Then, for g, 7, s€Q, 


éa(q, 7, s) = u(q)-a(r, s) + rs) — a(gr, s) — a(q, r) 


lies in w~'(1). The function & with r, s) = A~'[éa(g, is then 
defined, and is a (non-homogeneous) 3-dimensional cocycle of Q in B. 
Its cohomology class, k, which is independent’ of the choice of u and a, 
is called the obstruction of the sequence, and the triple (Q, B, k) is the 
(unique) algebraic 3-type associated with the sequence. 

Homotopy Systems of dimension 3, as defined in CH II, are operator se- 
quences (2.1) in which P is a free group, A a free crossed (P, 4) module, 
and B a free (abelian) Q-module, and in which y~! 1 = wA (exactness at 
P). Since Q = P/yu(A), Q need not be given in advance. 

Each homotopy system (2.1) determines a certain crossed sequence, 
as follows. Since uA(B) = 1, uw induces a homomorphism y’: A/AB -> P. 
By equation (2.2), the given operators of P on A induce operators of P on 
A,B. By equation (2.3) w~'(1) ¢ A is closed under operation by P; 
since 4A operates simply on AB ¢ yu~'(1), operators of Q on 
uw '(1)/AB are induced. Using the identity injection \’, we thus have a 
crossed sequence 


a’ 
0 —> u-(1)/AB -> A/AB >» P +> QO 1. 


We call this the sequence derived from the homotopy sequence (2.1). 
The geometric applications are as follows. If K is a complex, the se- 
quence of homotopy groups 


riiK, K') m(K') > w(K) (2.6) 
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with the usual mappings and operators, is a crossed sequence. We define 
k(K) as the obstruction of this sequence. This agrees with the geometric 
definition® of this invariant, as may be proved using one of the known 
additivity theorems’ for relative homotopy groups. 

The homotopy system (CH I]) of the 3-dimensional cell complex K 
consists of the homotopy groups 7(K), = (K') and p, = 
K*~') for n = 2, 3, together with the usual operators, and the homo- 
morphisms 


di dy 


where d, is the injection homomorphism and d, = j,-:3,, form = 2, 3, is 
the composite of the boundary and injection homomorphisms 


Ba 


The derived sequence 


0 » dy~"(1) ‘dsps » -> 2.8) 


§ of this homotopy sequence is isomorphic to the crossed sequence (2.6) 
of K; in other words d.~'(1)/dsp; and K*) & pe/dsp,, with 
the mappings and operators corresponding under the isomorphisms. 
i] Indeed, the first isomorphism follows from the exactness of the homotopy 
sequences for the pairs A*, A' and K*, A*, together with m(K') = 0, 
n(K*, K*) = 0, while the second isomorphism follows from the known 
exactness of the homotopy sequence 


for the triple A*, K'. 


3. Realization of an Algebraic 3-Type.--Each homotopy system de- 
termines a derived crossed sequence and thence an algebraic 3-type. 
Theorem 2 will be proved by reversing this process. Let (m:, 2, k) be 
any algebraic 3-type. The group 7, can be represented as the image of a 
free group XY under a homomorphism »y. By Theorem C in CT III we 
can construct” a crossed sequence 


0 > A Xx Wy >» (3.1) 


which realizes the given algebraic 3-type. To construct a corresponding 
homotopy system with p, = X, take p,, as in §2 of CH II, to be the free 
] crossed (XY, d;)-module with symbolic generators (x, a) for all x « X and 
ali a in any chosen set of generators of A and with d:: p» -» X determined 
by dj(x,a) = x(wa)x~'. By Lemma 2 in CH I] an operator homomorphism 
w: pp ~» A onto A is determined by setting w(1, a) = a. Then d, = 
uw, and, since w and d; are operator homomorphisms, the abelian sub- 
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groups w~'(0) ¢ d,~"(1) of are invariant under the operators of and 
the crossed sequence (3.1) is isomorphic (under w) to the crossed sequence 


0 — 0) p/w m 1. (3.2) 


The abelian group w~'(0) admits 7, as a group of operators according to the 
rule (vx)b = xb for xe X and bew™'(0). Hence there is a free ,-module 
ps with an operator homomorphism ds: #~'(0) ¢ onto w~'(0). 
We have thus constructed a homotopy system 


da ay 
0 —> ps > pa l (3.3) 


for which the derived crossed sequence (3.2) is isomorphic to (3.1). 

Theorem 2 of CH II asserts that the homotopy system (3.3) can be 
realized as the homotopy system of a 3-dimensional complex K. The 
derived sequence (3.2) is then on the one hand isomorphic to the relative 
homotopy sequence (2.6) of the complex A, with obstruction the obstruc- 
tion of the space A, and on the other hand to the given sequence (3.1) 
with the preassigned obstruction k. Hence A realizes the given 3-type, 
as asserted in Theorem 2. 

4. Mappings of Complexes with Operators.—An abstract closure finite 
cell complex C-—that is, a system of free abelian groups C, and homo- 
morphisms 

a 


with 00 = (}--has free operators in the multiplicative group W if each 
C, is a free W-module and each we W a chain transformation (wO = Ow). 
Select a preferred W-base for Co, consisting of certain 0-cells, one of which 
we call the special 0-cell, and define the homomorphism / of Co into the 
group of integers by setting /(weo) = 1 for each preferred 0-cell c. We 
require that Cy be augmentable, as" in HSO II, p. 54; i.e., that Co # 0 
and JO = (0. Under these conditions we call (W, C) a complex with free 
operators. 

A homomorphism (fo, \) of one such complex (W, C) into a second (W’, 
C’) consists of homomorphisms fy: -> W’, C,’, such that A 
is a chain transformation (AO = OA), Aw = (fow)A for each we W, and 
oto is the special (-cell of C’ whenever ¢ is in the preferred W-base of C. 
Then Jy = J, and ) is also augmentable, in the sense of HSO II. 

Any multiplicative group W determines such a complex Ay, asin HSO II, 
with q-cells (wy, ..., w,) for w,e W and the preferred W-base for Cy con- 
sisting of the special 0-cell (1). Any homomorphism fo: W—» W’ induces 
a homomorphism (fo, f): Kw — K »’ with f,:C,(Kw) — C,(Kw’) determined 
by the formula 
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I, (wo, = (favo, ..., w,e W. 


For any complex K the abstract cell complex C(K), consisting of the 
chain groups C, = H,(K", K"~') of the universal covering complex"? 
K is a complex with free operators in the group W 2 ,(K) of covering 
transformations. For the preferred W-base of Cy select a 0-cell over each 
0-cell of K, and as the special 0-cell select the 0-cell carried by the base 
point of K. A homomorphism (fo, 4)-C(K) — C(K’) is then a chain 
mapping in the sense of CH II, §9, and in particular Xo: Co(K) > Co(K’) 
can be realized geometrically by a map A® -» e”, where e” is the base 
point in A’ (of course all of K® need not map into the base point in K’). 

If the complexes (W, C) and (W’, C’) are acyclic in dimensions less 
than g, their integral homology groups H = 7/,(C) and HW’ = H,(C’) in 
this dimension have operators in W and W’", respectively. C (and like- 
wise C") then has an obstruction cohomology class le //**'(W, H), de- 
termined as in HSO TI, Theorem 5.1, as the obstruction of any homo- 
morphism of the qg-dimensional skeleton of Ky into C. For q = 2, the 
system (W, H, 1) determined by C is an algebraic 3-type. For any q, a 
homomor phism 


(fo, 4): (W, (W’, 1,1) (4.1) 


will mean a pair of homomorphisms fy: W > W’ and h:H -» H' which 
satisfy conditions analogous to equation (1.3). 

If C**' is the (¢ + 1)-dimensional skeleton of C, any homomorphism 
(fo, A): —» induces a homomorphism 4:H H’. By the 
argument of Theorem 5.1 in HSO II, fo and A satisfy the analogue of 
(1.3b); they obviously satisfy (13a). Therefore (fo, 4) is a homomorphism 
of the form (4.1). We then call (fo, 4) a combinatorial realization of (fo, h). 

Turorem 4. For complexes C, C’ with free operators in W, W’, acyclic 
in dimensions less than q(q > 0), any homomorphism (4.1) has a combi- 
natorial realization (fo, —» 

This theorem is an extension of part of Theorem 7.1 in HSO II, and is 
established by the argument there (pp. 62, 63) with the following modi- 
fications. If 1 and 1’ are (homogeneous) cocycles in the classes 1 and I’, 
respectively, the analogue of (1.3b) shows that there is a cochain m’: 
Ci Ay) such that Al = If,,,; + 6m’. Since CA.) is a free W- 
module, the homomorphism m’ can be hfted to an operator homomorphism 
Ci Ky) 2(C), with The first equation of (7.5) becomes 
n Ff, = hnky and the required realization A is defined by 


The cited calculations then show the existence of a suitable Ay+:. 
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5. Proof of Theorem 3.—For a complex A‘ the associated chain system 
C(K*) is acyclic in dimensions less than 2, and the obstruction k(X), as 
defined in §2 above, ‘agrees with the obstruction 1 of C(A*). Indeed, 
choose «(q) € p, and a(q, r) € p:/ dap: as in the definition of k for the sequence 
(2.8), and let w be the natural homomorphism w: p: ~* p2/dsps. Choose 
R(q) = u(q) and R*(q, r) ‘alg, r). Then wiR* = ba, whence 
r, shew = d,~'(1). Using the operator homomorphisms 
p, C, of $12 of CH HL, set f* = &,R" C"(m, C,) form = 1, 2, and = 
@, where @ is the special 0-cell in Cy. Then it may be verified that f° = 
of'*! for i = 0, 1; hence, by Theorem 6.3 in HSO II, 4f is the obstruction 
lof C. By Lemma 5 in CH II, #* induces an isomorphism d,~'(1)/dsp_ = 
H. It follows that the isomorphisms 7 & W, d:~'(1)/dyp, = H carry 
k(A*) into the obstruction | of C. 

Now consider two complexes A*, A’? with their associated chain systems 
C = C(K*) and C’ = C(K"), acyclic in dimensions less than 2. Any 
homomorphism @: 7(K) —» T(K") on the algebraic 3-types of K and K’ 
satisfies the hypotheses of Theorem 4 for g = 2, hence has a combinatorial 
realization 4: C -» C’. By Theorem 16 in CH II, \ has a geometrical 
realization @:K -» K’. Because of the natural isomorphisms H & 
n(K), H' = m(K’'), the map ¢ is a geometrical realization of @, and Theo- 
rem 3 is proved. 

Theorem 3 can also be proved without the use of chain groups and 
covering complexes by combining certain theorems of CT III, on the 
“deviation”’ of exact sequences, with theorems in CH II on the realizability 
of homomorphisms of homotopy systems. 

6. A Sufficiency Theorem.—By a sufficiency theorem we mean one which 
states that certain invariants are sufficiently powerful to insure that, 
within a definite category, any mapping which induces isomorphisms of 
these invariants is an equivalence. For instance the theorem quoted in 
$1, which states that formula (1.1) implies ¢: K**' =, K"*', is a suffi- 
ciency theorem, within any category of CW-complexes and n-homotopy 
classes of maps, A"* ' K’"*' realizability theorem, like Theorem 3 
or Theorem 4 above, is one which states that a homomorphism of some kind 
of algebraic invariant can be realized by a mapping of objects in the 
category. 

Let C, C’ mean the same as at the beginning of $4, let W = W’, and let 
C, = 0.C,' = Oifn>q+1. LetAX mean the same asd «(dim 
q) in HSO II, where \ is equivariant. We shall write A: C =, C’ if, and 
only if, there is an equivariant homomorphism \’: C’ — C, such that 
MA &, 1, 1. Then our sufficiency theorem, which is analogous to 
Theorem 2 in CHI, is 

Tueorem 5. Jf A: C C' induces isomorphisms H,(C) = H,(C') 
forn = 0,...,q, then dr: C =m C’. 
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This follows from the arguments used in a forthcoming paper.’ It is 
proved by constructing an “‘abstract’’ mapping cylinder of \ and tran- 
scribing into algebraic terms the proof of the analogous theorem on CW- 
complexes. 


* This note arose from consultations during the tenure of a John Simon Guggenheim 
Memorial Fellowship by MacLane 

* Whitehead, J. H. C., “Combinatorial Homotopy I and I1,"’ Bull. A.M.S., 55, 
214-245 and 453-406 (1949). We refer to these papers as CH I and CH I], respectively. 

* By a complex we shall mean a connected CW complex, as defined in §5 of CH I 
We do not restrict ourselves to finite complexes. A fixed 0-cell ¢* « K® will be the base 
point for all the homotopy groups in X. 

* MacLane, S., “Cohomology Theory in Abstract Groups III,” Ann. Math., 50, 
736-761 (1949), referred to as CT ILI. 

* An (unpublished) result like Theorem 1 for the homotopy type was obtained prior 
to these results by J. A. Zilber. 

* CT LUI uses in place of equation (2.4) the stronger hypothesis that \8 contains the 
center of A, but all the relevant developments there apply under the weaker assumption 
2.4) 

’ Filenberg, S., and MacLane, S., “Cohomology Theory in Abstract Groups II,” 
Ann. Math., 48, 326-341 (1947) 

* Eilenberg, S., and MacLane, S., “Determination of the Second Homology . . . by 
Means of Homotopy Invariants,” these ProcrkepinGcs, 32, 277-280 (1946). 

* Blakers, A. L., “Some Relations Between Homology and Homotopy Groups,” 
Ann. Math., 49, 428-461 (1948), §12 

” The hypothesis of Theorem C, requiring that »~' (1) not be cyclic, can be readily 
realized hy suitable choice of the free group X, but this hypothesis is not needed here 
(cf. 

'! Bilenberg, S., and MacLane, S., “Homology of Spaces with Operators I1,"" Trans. 
A.M_S., 65, 49-09 (1049); referred to as HSO II. 

1? CLK) here is the C(K) of CH Il. Note that K exists and is a CW complex by 
(N) of p. 231 of CH Land that p-'A* = K", where p is the projection p:K -+ K. 

'§ Whitehead, J. H. C., “Simple Homotopy Types.” If W = 1, Theorem 5 follows 
from (17:3) on p. 155 of S. Lefschetz, Algebrase Topology, (New York, 1942) and argu- 
ments in §6 of J. H. C. Whitehead, “On Simply Connected 4-Dimensional Polyhedra”’ 
(Comm. Math. Helv., 22, 48-02 (1949)). However this proof cannot be generalized to 
the case W # 1. 


EQUILIBRIUM POINTS IN N-PERSON GAMES 
By Joun F. Nasu, Jr.* 
PRINCETON UNIVERSITY 
Communicated by S. Lefschetz, November 16, 1949 
One may define a concept of an m-person game in which each player has 


a finite set of pure strategies and in which a definite set of payments to the 
n players corresponds to each n-tuple of pure strategies, one strategy 


r 


being taken for each player. For mixed strategies, which are probability 
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distributions over the pure strategies, the pay-off functions are the expecta- 
tions of the players, thus becomirig polylinear forms in the probabilities 
with which the various players play their various pure strategies. 

Any n-tuple of strategies, one for each player, may be regarded as a 
point in the product space obtained by multiplying the n strategy spaces 
of the players. One such n-tuple counters another if the strategy of each 
player in the countering n-tuple yields the highest obtainable expectation 
for its player against the » — 1 strategies of the other players in the 
countered n-tuple. A self-countering n-tuple is called an equilibrium point. 

The correspondence of each n-tuple with its set of countering n-tuples 
gives a one-to-many mapping of the product space into itself. From the 
definition of countering we see that the set of countering points of a point 
is convex. By using the continuity of the pay-off functions we see that the 
graph of the mapping is closed. The closedness is equivalent to saying: 
if P,, P2, ... and Q, Qs, ..., Qe, ... are sequences of points in the product 
space where Q, ~~ Q, P, — P and Q, counters P, then Q counters P. 

Since the graph is closed and since the image of each point under the 
mapping is convex, we infer from Kakutani’s theorem! that the mapping 
has a fixed point (i.e., point contained in its image). Hence there is an 
equilibrium point. 

In the two-person zero-sum case the ‘‘main theorem’’* and the existence 
of an equilibrium point are equivalent. In this case any two equilibrium 
points lead to the same expectations for the players, but this need not occur 
in general. 

* The author is indebted to Dr. David Gale for suggesting the use of Kakutani’s 
theorem to simplify the proof and to the A. E. C. for financial support. 

' Kakutani, S., Duke Math. J., 8, 457-459 (1941) 

?Von Neumann, J., and Morgenstern, O., The Theory of Games and Economic Be- 
haviour, Chap. 3, Princeton University Press, Princeton, 1947. 


REMARK ON WEYL'S NOTE “INEQUALITIES BETWEEN THE 
TWO KINDS OF EIGENVALUES OF A LINEAR 
TRANSFORMATION''* 

By Georce PoLya 
DEPARTMENT OF MATHEMATICS, STANFORD UNIVERSITY 
Communicated by H. Weyl, November 25, 1949 

In the note quoted above H. Weyl proved a Theorem involving a func- 
tion g{A) and concerning the eigenvalues a, of a linear transformation A 
and those, x, of A*A. If the «, and \, = |a;? are arranged in descending 
order, 
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ky 2 > 0) and Ay> A> .:. > Ae 
they satisfy the inequalities 


(lec. ett., equation 4). The theorem follows from them by applying to 
a, = log «,, 6 = log A, the following: 

LemMA. Given two sequences of real numbers ay, Bigs 
b,, such that' 


b, + + b, a, + + ay (forg = 1, 
the inequality 
+ ... + S w(as) + ... + wlan) (2) 


holds for any convex increasing function w(x). 
According to this lemma the condition to be imposed upon the function 
v(A) of the Theorem is that g(e) be a convex and increasing function of £. 


(Weyl's accessory condition y(0) = lim ¢{A) = O proves superfluous.) 
0 


In a joint note by G. H. Hardy, J. E. Littlewood and myself,’ a statement 
S$ somewhat similar to this lemma was given, and rediscovered a few years 
later by J. Karamata.’ It differs from the lemma in two points: [1] The 
last of the inequalities (1) 1s replaced by the corresponding equation 


by + + = ay + + 


{2) the function w(x) is assumed to be convex but need not be increasing. 
I wish to point out that there is a very simple way for deducing the lemma 
from this statement 5S. 

Indeed under the assumptions of the lemma, set 


(a, + + dn) — (h +... + dn) = 


and add one further term 6,4; < 6, to the sequence 6. With a, 4, = 


bas, — € Statement S becomes applicable to the two sequences a, } of 
length m + 1: 


w(d;} + er) S + ... + 41). (3) 
But since w(x) is supposed to be increasing and 2,41 S 044, we have 
> . + wid.) + wlan +1) S wla,) w(d,,) + w(b,, +1). (4) 


Inequalities (3) and (4) give inequality (2). 
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* These Procegpinos, 35, 408-411 (1949). 

! For reasons that will presently become clear, it is wiser not to require a, > a; > ... 
> ae. The inequalities, equation (1), once they hold, are not destroyed if afterwards 
the a; are re-arranged in descending order. 

? Hardy, G. H., Littlewood, J. E., and Polya, G., “Some Simple [nequalities Satisfied 
by Convex Functions,” Messenger Math., $8, 145-152 (1929); cf., the book Jnequalities, 
by the same authors, Cambridge, 1934, p. 89. 

* Karamata, J., ‘Sur une inégalité relative aux fonctions convexes,” Pub. Math, Unis, 
Belgrade, 1, 145-148 (1932). 


SINGULAR POINTS OF FUNCTIONS DEFINED BY C-FRACTIONS 
By W. J. THRoNn 
DEPARTMENT OF MATHEMATICS, WASHINGTON UNIVERSITY 


Communicated by Hermann Weyl, November 9, 1949 


A C-fraction is a continued fraction of the form 


1+ K (1) 
n=l 1 


where the exponents a, are positive integers and where d, = 0 for all 
nz. Let A,(x)/B,(x) be the n™ approximant of the C-fraction (1) and 
set 


a +t 
hk, = Oly. 
k=l 


To every C-fraction corresponds a power series (see Leighton arid Scott") 


P(x) = cx, = 1, (2) 


in such a way that 


A, (x) a 


Note that this is only a formal identity; it is not, in general, assumed that 
P(x) is convergent. 

Applying Worpitzky’s criterion (see reference 3, p. 42) one shows easily 
that the C-fraction (1) converges to a meromorphic function for |x| < 1 
provided 

2 foralln 2 2, lim a, = ~, lim = 1. (3) 


@ @ 
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It has been conjectured by Leighton that all C-fractions satisfying the 
conditions (3) represent functions which have the unit circle as a natural 
boundary. Scott and Wall’ proved this conjecture for the case d, = d, 
a, = m*~' where either d is real and m is odd or d is negative and m is an 
arbitrary integer. 

The purpose of this note is to prove the following two theorems: 

Turorem 1. Jf the C-fraction (1) satisfies conditions (3) inen the mero- 
morphic function f(x) to which it converges for |x| < 1 has at least one singular 
point, which is not a pole, on the circle |x| = 1. 

Tueorem 2. Jf the C-fraction (1) satisfies conditions (3) and tf in addition 
there exists a sequence of positive integers || with im wy, = © which has the 
property that for every k there exists an n(k) such that y, divides a, for all 
n > n(k) then the function fix) to which the C-fraction converges for |x| <1 
has the circle |x| ™ 1 as a natural boundary. 

Theorem 2, which contains the results of Scott and Wall as a special 
case, is derived from Theorem 1 by showing that if f(x) has a singular point 
at x « e** it also has singular points at 
+ 
for all » and all k. 

To prove Theorem | we begin with some preliminary observations. Let 
k, and m, denote the numbers of terms, before terms involving equal 
powers of x have been grouped together, of A,(x) and B,(x), respectively. 
Since hay = he + ho = 1, by = 2; may, = Mm, + mr, m = 1, 
m, = 2 it follows that 


& 2", & for all xn 2 1. 


Let s, and ¢, be the degrees of the polynomials A,(x) and B,(x), respec- 
tively. If in the C-fraction (1) a, 2 a,—, for all m 2 2 then 


” 
m+ 


San Om, = 
& 


k 


} 


so that s, 2 ¢,foralln2 1. Further 4, — s, 2 s, and hence 
Sa) Pa hy. (4) 
If in addition lim a, = © then 


Re. — St, 
lim = lim ( 
Qn + 2n + 1 


ewe + 


(nm + 1) 


and similarly for lim(As.,, — Sins,)/(2n + 2), so that 
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Sm 


(5) 


lim ~~ 
@ n+] 


Now let f(x) be the function to which the C-fraction (1), which from here 
on is assumed to satisfy the conditions (3), converges and assume that 
f(x) is meromorphic for all |x| < 1 + ¢ €> 0. Let 2n = ¢ then m can 
be found such that 

| (1 + forn = no. 
The C-fraction 
d 
i+ K ( . ) (6) 
= 
converges to a function f,,(x) which is meromorphic for |x| < 1+ Set 
then equation (6) becomes 
x (‘ (7) 


| 
The quantities A,'(x), B,'(x), P'(x), and h,’ will now be understood 
to have the same meaning for equation (7) as the corresponding unprimed 


quantities have for equation (1). 
Since f,,(x) is meromorphic for |x| < 1 + eit can be written as 


= a(x)/b(x) 


where a(x) and 6(x) are holomorphic for |x| < 1 + « and where 


2 


a(x) = d(x) = = 1. 
It is easily verified that there exists a 6 > 0 such that f,,(”) is holomorphic 
for |x| < 6. Thus the power series expansion of f,,(x) is P’(x) (see ref- 
erence 1, Theorem 1.5) and the following power series identity is valid 


thy A,' (x) A,'(x) 


a(x)B,'(x) b(x)A,'(x) 
b(x)B,’(x) 


Since B,’(0) = 1 = (0) it follows from the above that 


a(x)B,'(x) — b(x)A,'(x) = Il i,') 


k= 1 
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Denote by u, the coefficient of x*’s in the power series expansion of 


j a+t 
(a(x)B,’(x) — b(x)A,'(x))/ d,’. 
Then 
| < (ky + m,) max. (|a,!, | d,!) 
h,’ — max. (s,’,t,'() Sk SA,’ 


Since max. (s,’, = and since k, 2%, m, S 2*~' one can write 


< max. | de! ). 


Now choose m, in such a way that 
< (1 + < (1 + for > m,/2. 


Then, since 4,’ — s,' 2 h,'/2 > n/2, 


< + for n > m. 
From relation (8) follows that 
> (1 + 9)", 

The following inequality is therefore valid 

Thus in view of relation (4) 

> (1 4 
and finally 


hk,’ — s,' < 2 log,,, 2, 
n+ 1 


which contradicts relation (5) regardless of how small 7 is. This completes 
the proof of Theorem 1. 


et ' Leighton, W., and Scott, W. T., “A General Continued Fraction Expansion,"’ Bull. 
Am. Math. See., 45, 586-605 (1939) 

* Scott, W. T., and Wall, H. S., “Continued Fraction Expansions for Arbitrary Power 
Series,” Ann. Math. (2), 41, 328-349 (1940). 

* Wall, H. S., “Analytic Theory of Continued Fractions,"” New York, 1948 
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THE SECONDARY BOUNDARY OPERATOR 
By J. H. C. Wurrenrap 
MaGpALen OxFoRD 
Communicated by S. Lefschetz, October 31, 1949 


1. The Sequence S(K). Let H, = H,(K) be the nth homology group of 
a complex’ K and let 


= 1,(K) = = = 


where i,:7,(K"~') x,(K") is the injection (n > 2). Then a sequence of 
homomorphisms 


i b 
S(K): +» > Il, > H, > 


terminating with H/, > 0 -> Il, > H, —> 0, is defined as follows. 4, is the 
natural homomorphism and t, = i,’ T,, where i,':7,(A") —> Tl, is the 
injection. We assume that //, is defined as 


i, = be d,, (n > 3), 


where C, = x, (K", K"~"), Z, = d,~' (0) ¢ C, and d,,,:C,4, —» C,is the 
resultant of the boundary homomorphism, 8,4,:C,4: 7,.(A"), followed 
by ‘the injection C,. Let 2 Since j,8,4,2 = 0 it 
follows from the exactness of the homotopy sequence of K"~', A™ that 
Also 8,4:¢,42 = 0, since 8,4; = 0. Therefore 2,41 
induces a homomorphism, which is the one in S(K). 

Tueorem 1. The sequence S(K) ts exact.” 

Let m > 4 and let 


S.(K): H, ->T.-1-> 
be the part of S(A) which begins with H/,. We write S,(K) = S(K), 


thus defining S,(A) form < @. 
By a homomorphism (isomorphism)* 


F = 8, 8):5,(K) S,(K’), (1.1) 
where A’ is a given complex, we mean a family of homomorphisms 


such that bh = gb, ig ~ fi, if = hi, where ~» T,’, ete., are the 
homomorphisms in S(K"), Let ® be any category' of (simply connected) 
complexes and homotopy classes of maps AK -» A’, for every pair of com- 
plexes K, K’ e ®. Let §,, be the category in which the objects and map- 
pings are the sequences, S,,(A), and all homomorphisms, S,(A) — S,,(K’), 
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for every pair K, K’ « ®&. Then a homotopy class of maps, K —> K’, 
induces a unique homomorphism, S,(A) -> S,(X’), in such a way as to 
determine a functor Thus 5,(A) is a homotopy invariant and 
a fortiori a topological invariant of K. If a given homomorphism, 
F:S,(K) —» S,(K"), is the one induced by a map, ¢:K -» K’, we shall 
describe @ as a geometrical realization of F, 

Tueorem 2. Let dim K,dim K’ 2m. Then = if induces an 
isomorphism F:S,(K) ~ S,(K"). 

This follows at once from Theorem 3 in CH I. 

Let 4: S* —» S* be a map which represents a fixed generator of 7;(.S*) and 
let S? —» K* represent a given element Then K?* repre- 
sents an element A(a) «I's. We shall describe equation (1.1) as a proper 
homomorphism (isomorphism) if, and only if, 


Br(a) = d(f,2), (1.2) 
for every dell, Let equation (1.1) have a geometrical realization ¢:K -> 


K’. Then equation (1.1) is a proper homomorphism because ¢(uA) = 
(pu )a. 
Turorem 3. Letdim K 24. Then any proper homomorphism, SK) —» 
SK"), has a geometrical realization, K K', 
We now anticipate the definition of ['(A) in §2 below and consider a 
purely algebraic (exact) sequence 
b i i i b 


Hy 


in which the (Abelian) groups are arbitrary except that 


é:TUh) Ts, = 0. 


The isomorphism @ is to be included as a component part of Sy. Let Sy’, 
with groups //, ,,', I',’, Il,’, be a similar sequence. A proper homomorphism 
(isomorphism), S, —» .S,’, shall mean the same as before, with equation 
(1.2) replaced by the condition 


> 
where @ means the same in 5,’ as in S, and 


— r(,’) 


is the homomorphism induced by f,: By a geometrical realization 
of S, we shall mean a complex, A, such that S,(A) is properly isomorphic 
to Sy 

Turorem 4. The sequence Sy has a geometrical realization, which ts 
(a) at most 4-dimensional if H, is free Abelian, 

(b) a finite complex if each of H,, Hyand Hy, has a finite set of generators. 
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Theorems 2, 3 and 4 show that S;(A) can be used to replace the more 
complicated “extended cohomology ring’ of K. Moreover they apply 
to infinite complexes and hence to universal covering complexes. There- 
fore it seems reasonable to hope that these theorems, in conjunction with 
the cohomology theory of abstract groups, may lead to similar theorems 
in case ™(K) # 1. 

2. The Group Y(A). Let A be an additive Abelian group and let wA 
‘be any aggregate which is in a (1-1) correspondence, w:A -> wA, with 
A. We define an (additive) group, (A), by means of the symbolic 
generators w(a)e«wA and the relations 


wa) = w{—a) (2.1a) 


wa + b+ c) — w(b +c) — wle + a) — wla + 5b) + wila) + 
+ wie) = 0, (2.15) 


together with the “‘trivial relations,” w(a) — w(a) = 0. On writing 
a= b = ¢ = Qin (2.16) we have w(0) <0. Hence it follows from (2.10), 
with 6 = 0, that ['(A) is Abelian. Let b = (n — l)a,¢ = —a (m> 1). 
Then it follows from equation (2.1) and induction on nm that w(na) = 
n*w(a). 

Let y(a) be the element of (A) which is represented by w(a) and let 


{a, = y(a + b) — y(a) — 


Then, given that addition is commutative, equation (2.16) expresses the 
fact that [a, }) is bilinear in a and d. 

Let A be free Abelian and let {a,} be a set of free generatorsofA. Then 
['(A) is freely generated by the elements y(q,), [a,, @,], for every a, 
and every (unordered) pair of distinct elements u,, a, € ta,}. 

Let A, generated by a, be a finite, cyclic group of order m. Then 
['(A) is generated by y(a;) and is of order m or 2m, according as m is odd 


or even. 

Let A be the weak direct sum of a set of groups |A,}. Let IT’ be the weak 
direct sum of the groups I'(A,) and the tensor products AA,, for every 
A, and every (unordered) pair of distinct groups, A,, A,, in the set [A,} 
Then P(A) IP. 

It follows that, if A is finitely generated, soisT(A). Moreover the rank 
and invariant factors of T'(A) can be calculated from those of A and con- 
versely. Alsoa = Oif [a,a’] = Oforeverya’eA. Therefore the pairing 
(A, A) -* T(A), in which (a, a’) = [a, a’), is orthogonal. 

It follows from the form of the relations (2.1) that a homomorphism 

' f:A —» A’, into an additive Abelian group A’, induces a homomorphism, 
g:T(A) — I'(A’), which is given by gy(a) = y(fa). If A admits a group, 
II,, as a group of operators, so does (A), according to the rule xy = yxix 
€ Hy. 
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Let A = Ily(A) and let (a) mean the same as in equation (1.2). Then 
Ma) = A(—a) and* 


+ b) — Ala) — = fa, dj, 


where [a, 6] «1)(A) is the bilinear product, or commutator,’ of a and 6. 
Therefore the relations (2.1) are satisfied when w and = are replaced by 
A} and =. Therefore a homomorphism, @:T(Il,) -> I's, is defined by 
= Ala). 

Let S,(K") be a proper homomorphism and let 
be the homomorphism induced by f,. Then it follows 
from equation (1.2) and the relations By = 7f,, éy = i, that 


68 = (2.2) 


where Ty’ is also defined by @y = \. In particular let 11, bea 
group of homomorphisms of A onto itself (e.g., the covering group if K 
is a covering complex). Then each x ¢ Il, induces a proper automorphism 
e:S,(K) ~ S,(A) and it follows from equation (2.2) that @ is an operator 
homomorphism. 

Tueorem @: Ph) Ts 

3. TA) and Cohomology. Let X be any topological space and let 
H1,(G) be the Cech cohomology group of X, which is defined in terms of the 
nerves of all finite open coverings, with G as the (discrete) group of coeffi- 
cients (we could equally well take closed coverings). We define the cup- 
product, @ P(A)}, of elements @, & ¢ /7"(A), by means of the 
pairing (a, b) -> [a, 6], where a, be A 

Turorem 6. Let n be even. Then there is a natural homomorphism, 


A:V{H"(A)| 
such that h{@, = a for any pair @, Whe H(A). 


We write hy = B:1I"(A) and call PA the Pontrjagin square 
of @¢ H1"(A) (nm is even). We have 


«~ pa; b, pa ava. (3.1) 


Thus — @U 8 js a factor set, which measures the error made in supposing 
P to be a homomorphism, Let g:1(A) ['(A’) be the homomorphism 
induced by a homomorphism, f:A —* A’, into an additive Abelian group 
A’. Then f, g induce homomorphisms 


such that Pf = ¢’"p. If X isa finite polyhedron and if A is cyclic of even 
order, then B ts the same as in “SCP.” 
Let X = K and let /,, be the group of integers, reduced mod. m. Let 
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H,(m) = H,(K, I), A, ~A-mA (m > 0). 


Then the pairing (A, /,.) -* A, in which (a, 1) ¢A,, is the residue class 
containing a ¢« A, determines a homomorphism 


u"(m):H"(A) > Hom {H"(m), A,}. (3.3) 


If K has no (nm -- 1) dimensional torsion u*(0) is an isomorphism (onto). 
Now take A = H, and let A be without (» — 1)-dimensional torsion. 


Then 
u"(0):H"(H,) = Hom H,) 


and we identify each element @¢ //"(H,) with «"(0)}@. Thus H"(H,) 
becomes the additive group of the ring, E,, of endomorphisms of H,,. 
Let f"(e), g°"(e) denote f", 2 in equation (3.2) when A = A’ = H, andf = 
ee ,. Then it follows from the way in which e induces f"(e) that f*(e)e’ 
= ee’ (e'¢E,). Since Pf" = we have 


Piee’) = g"(e)Be’, Be = (3.4) 


where 1 ¢ , is the identity. Thus ® is determined by the map e > ¢’"(e) 
and by P(1). 

Now let A be a finite (simply connected) complex of arbitrary dimen- 
sionality. We make the natural identification Il, = //, and, using Theorem 
5, we identify each y « '(//,) with @ye«Iy. Also A has no 1-dimensional 
torsion and we identify each @ ¢ //*(//,) with «(O)@e ky. Then equation 
(3.3), with n = 4,A = Ty, becomes 


u(m) = Hom { Him), Ts, 


The homomorphism y:C,(K) —> I's, which is defined on page 85 of “SCP,” 
induces what we call the secondary modular boundary homomorphism,’ 


b(m) Hom{ Him), Us, 


and &(0) is the same as ©, in S,(K). 

Turorem 7. B(m) = (m> 0). 

4. The Calculation of S(K). The group Ih; in S,(A), is an extension 
of Hy by G = 1; — BH, and S,(K) is determined, up to a proper isomor- 
phism, by //;, Hs, H,, the homomorphism b, and the element of H*(H,, G) 
which determines the equivalence class of the extension I],. Let K be a 
finite, simplicial complex. Then it will be shown how these items may be 
calculated (constructively) with the help of Theorems 5 and 7. This 
construction does not provide a finite algorithm for deciding whether or 
not 5,(K) is properly isomorphic to S,(K’). Some of the difficulties 
inherent in this question are indicated on page 88 of “SCP.” 
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5. A,?-polyhedra. Let = Oforr = 1,...," — 1, wheren > 2. 
In this case we may identify I, ,, with” /7,(2) and b +4 determines a homo- 
morphism, &(2):/7, ,.(2) -» H,(2), which is the dual of" Sg, _,:H"(2) 
H"**(2). The structure of I1,,,, as an extension of H,,, by H,(2), is 
determined by (2). Thus S,.»(K) is determined, up to a proper isomor- 
phigm, by the co-homology system H(X), or by the analogous system of 
homology groups,"? in which &(2) plays the part of Sq, —». 


' All our complexes will be simply connected CW-complexes, as defined in §5 of J. 
H. C. Whitehead, “Combinatorial Homotopy 1,"" Hull. Am. Mata. Soc., $$, 213-245 
(1049). This paper will be referred to as CH I. 

* In the light of this theorem a /,,complex, A, as defined in CH I, is seen to be one 
such that H,(K), ifn m, and dat is onto, where is the universal cover- 
ing complex of A. This, and the other theorems stated here, will be proved in a paper 
which is to appear in the Annals of Mathematics 

* An isomorphism will always mean an isomorphism onto ; 

* Cf. Bilenberg, S.. and Maclane, Saunders, ‘General Theory of Natural Equiva- 
lences,’ Trans. Am. Math. Soc., $8, 231-204 (1945). 

*See Whitehead, J. H. C., “On Simply Connected, 4-Dimensional Polyhedra,” 
Comm. Math. Helvetici, 22, 48-92 (1949). This paper will be referred to as “SCP.” 

* See equation (7.3) in Whitney, Hassler, “Relations Between the Second and Third 
Homotopy Groups of « Simply Connected Space,”’ Ann. Meth., 50, 180-202 (1949). 

Cf. Fox, R. H., “Homotopy Groups and Torus Homotopy Groups,” Jbid., 49, 
471-H10 (1948) 

*Cf. Hirsch, G., “Sur le troisieme groupe d'bomotopie des polydéres simplement 
connexe,”” C. R. Acad. Set. Paris, 228, 1920-1922 (1949), in case K is finite and without 
2-dimensional torsion. Hirsch’s representation of T; — WH, can be obtained from 
Theorem 5 and Theorem 7 below 

* In the forthcoming paper b(m) is defined more generally and is shown to be natural. 

* See Whitehead, J. H. C., “The Homotopy Type of a Special Kind of Polyhedron,” 
Ann. Soc. Polonaise Math, 21, 176-186 (1949); also Whitehead, G. W., “On spaces 
with vanishing low-dimensional homotopy groups”, Proc. Nat. Acad. Sei., 34, 207-211 

1048) 

" Steenrod, N. E., Products of Cocyeles and Extensions of Mappings,” Ann, Math., 
48, 200-320 (1047) 

'? See a forthcoming paper by P. J]. Hilton 


THEOREMS ON QUADRATIC PARTITIONS 
By ALpert Leon WHITEMAN 
DeraRTMENT oF Maruematics, Untverstry or SovrnerRn CALIFORNIA 
Communicated by H. 5. Vandiver, November 23, 1949 


If p is a prime of the form 3f + 1, the diophantine equation 4p = a? + 
36? has a unique solution in and with = 1(mod 3) and 6 O0(mod 3). 
About forty years ago von Schrutka' derived the formula a = 1 + @,(4), 
where ¢,() is the Jacobstahl sum defined by 
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the symbol (4/p) denoting the quadratic character of 4 with respect to p. 
Recently, the following analogous result has been found by E. Lehmer.? 
If p is a prime of the form 5f + 1, then the value of x in the pair of dio- 
phantine equations l6p = x* + 50u* + 50v* + 125w* and xw = 2? — 
4uv — u* is given by x = 1 + @s(4) with x = I (mod 5). 

It is interesting to ask if a similar formula holds for a prime p of the form 
7f + 1. The purpose of this note is to point out that this is not the case; 
we offer in its place the result stated in Theorem 2. Our method is based 
on the theory of cyclotomy. 

Let g be a primitive root of a prime p of the form ef + 1. A number 
N, prime to p, is congruent to a power of g: 


N = g**"(mod p), OS ss 


For fixed 4 and k, OS h, k S € — 1, the cyclotomic number (A, &) is defined 
as the number of sets of values of s and ¢, each chosen from 0, 1, ..., 
f — 1 for which the congruence 


gt t* (mod ) 
holds. The numbers (4, &) satisfy, among others, the following properties :* 


(hy k) = (Rk, h) = (e ~ k,h — ), e odd, (2) 


> 4) = f— mk = 0,1, ...,€-1, (3) 


where n, = Lifk = Oandn, = Oif k + 0. 

Let 8 denote a primitive eth root of unity. The numbers prime to p 
may be distributed into e classes according to the residue classes (mod ¢) 
of their indices to the base g. We accordingly define the following extension 
of the Legendre symbol: 


(4) 


for an integer NV prime to p. For an integer N divisible by p, we put 
(N/p). = 0. If N is an eth residue of p, that is, if the congruence x* = 
Nimod p), p / N, is solvable, then (V/p), = 1, regardless of the value of 
g. Otherwise, the value of (N/p), depends on the primitive root taken 
as base. 
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For any pair of integers m, n define the cyclotomic function R(m, n) by 
means of the equation 


Rim, n imd (m + ind (1 +f). 5 
) p> 8 (5) 
From the theory of cyclotomy* we have the following fundamental property 
of Rim, n). If no one of the integers m, n and m + n is divisible by e, 
then 


Rim, n)R(—m, ~n) = p. (6) 
Furthermore, the value of R(—m, ~—n) may be derived from the value of 
Rim, n) by replacing 8 by 3~'. 
In this note’ we shall investigate the cases e = 3 ande = 7. Assume 
first that ¢ = 3. In this case, the formulas in equation (2) may be ex- 
pressed schematically by means of the miutrix 


A 
(7) 


in which the element in the Ath row and &th column, A, k = 0, 1, 2, repre- 
sents the value of the cyclotomic number (h, &). In terms of this notation 
the equations in equation (3) become 


(8) 
Let f(k) denote the number of distinct solutions of the congruence 
x? + x == k(mod p). (9) 
Then the sum }>f(a), where a runs over the (p — 1)/3 cubic residues of 


p, is equal to the number of values of x, 1 S x S p — 1, for which x? + x 
is a cubic residue of p, that ts, for which (x p)s((v + 1)/p)s = 1. In view 
of equation (7), this number is equal to (0,0) + (1,2) + (2,1) = A + 2D. 
It follows that 


¥ = f(0) + 3¥5 f(a) = 2 + 3(A + 2D). (10) 


In equation (5) take m = n = |, and 8 = w, a primitive cube root of 
unity. Using equation (4), we get 


Ri, 1) = F ( )( ). 

p Js 


Putting RU, 1) = r + sw + tw’, we deduce from equations (6) and (7) 
that 4p = a* + 35°, where 


{ 
| 
re 

Phos 
igh 

4 
| af 

| 

‘ 
| 
a 

# 

she 
> 


MATHEMATICS: A. L. WHITEMAN 


i, boas — 


r = A + 2D, s = 3B, t = 3C. 


Combining equations (8), (10), (11) and (12), we obtain 


p-t 
a= —p+2+3r = fis). (13) 
Let r, be a number not divisible by p such that (r,,p); = w', ¢ = 0, 1, 2. 
Then we may show in a similar fashion that 


b-= ( fins) ¥ firs (14) 

Note that equation (13) implies that the sign of @ is such that the con- 
gruence a = 1(mod 3) is satisfied, whereas the sign of } in equation (14) 
depends on the primitive root g employed. 

We have thus proved the following theorem. 

TuroreM |. The values of a and b in the equation 4p = a* + 3b", where 
p = 3f + 1 isa prime, are given by equations (13) and (14), where the sign 
of a is determined by the condition a = I(mod 3), and f(k) denotes the number 
of distinct solutions of the congruence (9). 

As an application we observe that the formula f(k) = 1 + ((4& + 1)/p) 
lead at once to the theorem of von Schrutka stated in the introduction. 

We turn now to the case e = 7. In this case the formulas in equation 
(2) yield the matrix 
FG 
K l 
L 


L 
I 


G HB 


in which the letter in the /th row and kth column, 4, k = 0, 1, 2..., 6, 
represents the value of (h, &). In terms of this notation the equations in 
equation (3) reduce to 


A+ B+C+D+E+F + Gu 1, 
B+G+2H+I+JI4+K =f, 
=f, 
=f. 
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Let g(k) denote the number of distinct solutions of the congruence 
x? + a= k(mod p). (17) 
The sum }"¢(a), where a runs over the (p — 1)/7 incongruent seventh- 


power residues with respect to the modulus p, is equal to the number of 
values of x, 1 3 x S p — 1, for which x* + x* is a seventh-power residue 
of p, that is, for which (x/p)} ((x + 1)/p): = 1. In view of equation (15), 
this number is equal to (0,0) + (1,5) + (2,3) + (3, 1) + (4,6) + (5, 4) + 
(6, 2) = A + 31 + 3K. It follows that 

g(s7) = + 7 ¥ gla) = 2+ 7(A + 32 + 8K). (18) 

a 

In equation (5) take m = 1,n = 2, and 8 = 6,a primitive seventh root 

of unity. Making use of equation (4), we obtain 


‘ 
RG, 2) +t (=) (19) 
tw) \p/r Pp 
It follows from equations (15) and (19) that R(1, 2) may be written in the 
form R(1, 2) = r + + + 0) + + + where 


r= A+ 3! + 3K, 
B+ C+ E+ H+JI4+K +24, (20) 
t=D+F+6+ H+1+/5+ 20. 


Applying equation (6), we get also 4p = a* + 76°, where 


Combining equations (16), (18), (20) and (21) we obtain 


da = —p+2+ = —pt+ gis’). (22) 
Let r, be a number not divisible by p such that (7,/p); = @, 0 = 0, 1 
2, , 6. Then we may show in a similar fashion that 
1/%! 
‘ 
The formula in equation (22) implies that the sign of @ is such that the 
congruence a #= 5(mod 7) is satisfied; the sign of 6, however, depends on 
the choice of the primitive root g. We have therefore proved the following 
theorem. 
Tuworem 2. The values of a and b in the equation 4p = a* + 7b, where 
p = 7f + 14s a@ prime, are: given by equations (22) and (23) ,where the sign 
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of a ts determined by the condition a = 5(mod 7), and g(k) denotes the number 
of distinct solutions of the congruence (17). 

The following result due to Dickson* may be used as a criterion for 
determining the value of g(k). Let p be a prime >3, and let R = —4a* — 
276" be the discriminant of the cubic congruence 


x* + ax + bL = 0(mod p). 


This congruence has a single integral root if and only if R is a quadratic 
non-residue of p; it has three distinct integral roots if and only if R is 
the residue of a square Slc? # O and e = '/s(—b + cV —3) is the residue 
of the cube of a number u + 0V —3 in which w and v are integers; it has 
no integral root if and only if R is a quadratic residue and e¢ is not the 
residue of such a cube. In order to apply this theorem it is only necessary 
to observe that for & # 0, g(&) is the number of solutions of the congruence 
x? — kx — k = 0(mod p), where kk = 1(mod p). 

Unfortunately, Dickson's criterion does not lead to a simple formula 
expressing the value of a in Theorem 2 in terms of the Jacobstahl sun 
defined in equation (1). 

' Von Schrutka L., J. Reine Angew. Math., 140, 252-265 (1911). Von Schratka’s 
result has been rediscovered by S. Chowla, Proc. Lahore Philos. Soc., 7, 2 pp. (1945). 

? Lehmer, E., Bull. Am. Math. Soc., 55, 62-63 (1949), Abstract No. 72, 

* Bachmann, P., Die Lehre von der Kreisteilung, 2nd ed., B. G. Teubner, 1921, pp. 
201-203. 

* Ibid., p. 123, Bachmann’s formula (3) is equivalent to our formula (6) 

* For a treatment of the case ¢ = 5, see a forthcoming paper by the author in Duke 
Math. J. 

* Dickson, L. E., Bull. Am. Math. Soc., 13, 1-8 (1906). 
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